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The Coupled-Tank (CT) system remains an important tool for research by process control engineers. In this paper, we
have addressed the issue of performance analysis of three control schemes, PI (based on pole placement, ZN and Ciancone
correlation tuning methods), PI-plus-feedforward and MPC which have not been done in the present literatures. However,
effective control of a system depends largely on the accuracy of the mathematical model that predicts its dynamic behaviour.
The nonlinear model for the CT system based on analytical technique has been obtained. Linear models for the CT system
were obtained based on analytical and empirical techniques. Accuracy of the linear models was investigated based on Final
prediction error, Mean-square error, Integral absolute error, Mean absolute error and Confidence level. Empirical model
was found to be more accurate and indeed processes are associated with Deadtime naturally. Proportional Integral (PI)
control systems based on Ziegler Nichols (ZN), Ciancone Correlation (CC) and Pole Placement (PP) tuning methods were
designed for liquid level control in the CT system tank 2. Integral absolute error and Integral square error results showed
that PI controller did not meet all the specified control objectives. To improve the response, a feedforward controller was
incorporated to the PI controller and the response was compared to that of a Model Predictive Controller (MPC). Simula-
tions results showed that both PI-plus-feedforward and MPC satisfied all control specifications. However, MPC response
was more satisfactory in terms of disturbance handling and time response criteria.

Coupled-tank, Model predictive control, Integral absolute error, Integral square error, Mean absolute error, Feedforward,
PI tuning methods

search and many control strategies have been proposed.
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control [1,3-8]. In [3], the authors proposed Internal Mod-
el Control (IMC) based PID control where they explained
some tuning rules. The performances of optimized PID
and PID controller were compared in [5] and the perfor-
mance of optimized PID controller was more acceptable in
terms of transient response criteria. In [4,6], anti-windup
PID controls were proposed for tackling actuator saturation
problem brought about due to integral windup. Further-
more, the authors in [7] proposed model reference adaptive
control and the gains of the PI controller were adjusted to
reflect disturbances in the system. The main drawback of
this technique is that, before the adjustment of the PI gains
the system can be out of control. The Linear Quadratic Reg-
ulator (LQR) was also proposed [8]. The LQR control uses
the idea of control input and states weighting to achieve op-
timal response [9,10]. System control based on fuzzy logic
scheme have been proposed [1,11,12]. The fuzzy logic has
the advantage of being flexible and ease of integration with
existing techniques [11]. However fuzzy logic control strat-
egy could not guarantee steady state error-free response
as in the case of [1]. Advanced control strategies such as
Sliding Mode Control (SMC) strategy have been proposed
in [13-15]. In [14], the authors investigated SMC strategy
where improved speed of response was observed. However,
the SMC strategy is best applied to Single Input and Sin-
gle Output (SISO) systems [2]. Additionally, Back stepping
method was proposed in [16,17]. However, comparison of
the various control schemes has not been done.

In this paper, we have addressed the issue of perfor-
mance analysis of three control schemes, PI (based on
PP, ZN and CC tuning methods), PI-plus-feedforward
(PI + FF) and MPC which have not been done in present
literatures. This study is beneficial to process industries
as a yardstick to select the best control scheme for liquid
level control. Furthermore, we have proposed two simple
control schemes, i.e., PI + FF and PI - ZN to address the is-
sue of optimal level control. Our proposed PI + FF scheme,
which is a Feedforward (FF) control scheme, anticipates the
error in liquid level of the CT system and corrective mea-
sures were applied before the controlled variable of interest
is significantly affected, while our PI - ZN scheme, being a
closed-loop control scheme, only corrects the error after it
has been observed. Moreover, in this work, we have shown
that using complex control schemes in process control lead
to waste of resources, although our proposed PI + FF and
PI - ZN simple control schemes perform within 1% and 8%
overshoot, respectively. In addition, this work provides a
breakthrough for process industries to maximise profit by
using simple control schemes and at the same time obtain-
ing an excellent results using optimal resources. In point
of fact, the proposed work presents how a simple control
scheme can be modified in order to obtain excellent results.
Indeed, the proposed work shows how modified simple
control schemes can supplement most of the present day
complex control schemes in process industries by provid-
ing approximately the same result as the current expensive
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Figure 1: The coupled-tank system under study.
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complex control schemes. The rest of the paper is organ-
ised as follows. System description is presented in Section
II. In Section III dynamic modelling is presented, while in
Section IV the proposed control strategies are presented. In
section V, results and discussions are presented. Section VI
concludes the paper.

The Schematic for the CT system under study is
shown in . The two cylindrical tanks have uni-
form cross-sectional area and orifice diameter.

The CT system has an integrated pumping system and a
reservoir (basin). The pumping system pumps water verti-
cally through the piping system to tank 1. The two tanks are
configured in such a way that tank 1 feeds tank 2 while tank
2 feeds the water reservoir at the base. The flow out of each
tank is through the small orifice outlet located at the bottom
of each tank. The liquid level in each tank is measured using
pressure sensor mounted at the bottom of each tank. It is as-
sumed that the pumping rate is directly proportional to the
flow rate. The control objective in this context is to achieve
optimum liquid level in tank 2 by manipulating the pump
flow rate as manipulated variable. The list of constants and
parameters that are associated with the CT system are given

by

Nonlinear dynamic modelling

At this juncture, we present the dynamic modelling
of the nonlinear CT system. The flow into tank 1 is given
by Eq. 1 [15]

finl - kp vp ey

By making use of Bernoulli’s equation, the flow ve-
locity through the orifice of tank 1 and that of tank 2 are
given by Eq. 2 and Eq. 3 respectively.

v, = 2gh (2)

v, = 2gly (3)

Using Eq. 2, the flow rate out of tank 1 is given by Eq.
4 as

J

ol :Aol 2gh (4)

Similarly, using Eq. 3 the flow rate out of tank 2 is
given by Eq. 5 as
frn =4,5+2812 (5)

Using mass balance equation where constant density
is assumed, the rate of change in liquid level in tank 1 is
given by

dh _ fin1—Jol

dr Ay (6)
Substituting Eq. 1 and Eq. 4 into Eq. 6 yields

di _ kpvp  Ap1y2eh 7)
dt Ay At

Using mass balance equation where constant density
is assumed, the rate of change in liquid level in tank 2 is
given by

dly _ fin2=/o2
dr Aty (8)

For the CT arrangement given by , input flow
to tank 2 is equal to output flow from tank 2, hence

fénz = ‘fol (9)
Substituting Eq. 5 and Eq. 9 into Eq. 8 gives

dly _ Ap1N28h  Ap228D

dt Aty Aty (10)

Nonlinear Eq. 7 and Eq. 10 describe the dynamics of
the CT system.

Dynamic model linearization

The linearization of the nonlinear CT system mod-
el was conducted based on Taylor series approximation
given by Eq. 11

Table 1: System variables and constants.

Notation Description

Vp Pump voltage

Kp Pump constant

g Acceleration by gravity

L, Tank 1 liquid level operating point
L, Tank 2 liquid level operating point
At, Tank 1 cross sectional area

At, Tank 2 cross sectional area

Ao, Tank 1 cross sectional area

Ao, Tank 2 cross sectional area

. Flow rate into tank 1

f, Flow rate into tank 2 from tank 1
f,, Flow rate from tank 1 to tank 2

f Flow rate from tank 2 to basin
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Value Unit

%
3.3000 cm®/sec/V
981 cm/sec?
15 cm
15 cm
15.5179 cm?
15.5179 cm?
0.1781 cm?
0.1781 cm?
Variable cm’/sec
Variable cm¥/sec
Variable cm¥/sec
Variable cm¥/sec
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Table 2: Linear models comparison.
Model Type FPE |MSE IAE MAE CFL

Analytical 5.5140 0.3695 104.8000 0.0455 89.2400%
Empirical  0.0489 0.0153 24.9300 0.0002 97.8100%

ren)

f(y) :f(70)+(7_70)f’(7/0)+ l n(yo) (11)

From Eq. 7 and Eq. 10 we make the following substi-
tutions for the purpose of simplicity:

g, o - g

Atl At,

4y g

Hence Eq. 7 and Eq. 10 can be presented as Eq. 14 and
Eq 15 respectively

Q= (12)

Bi=—— b= (13)

At,

“L=aJl + By, (14)
% = a,\JI, + Bl (15)

By using Taylor series approximation (given by Eq.
11), the nonlinear terms in Eq. 14 and 15 are given by

\/7 lss 2 l (ll - llss)

1ss
- lZss )

[
\/_ 2&5 2 lzss ( 2

Substituting Eq. 16 and Eq. 17 into Eq. 14 and Eq. 15
yields

(16)

(17)

dl — 1
_tl :al( llss +2— 135)]+ﬂl (18)
Lss
a, _ L B
dt a, (\/Z"' 2\/& 2 2“)J+IB2 s T 5 llss (Zl les)(19)

Where [ and L denote the steady state operating
points for the liquid levels in tank 1 and tank 2 respec-
tively.

At steady state conditions, [, = _and [ =, hence
Eq. 18 and Eq. 19 become Eq. 20 and Eq. 21 respectively.

0= al\/m_'_ﬁlvpu (20)
0=a,\L, + Bl (1)

By subtracting Eq. 20 and Eq. 21 respectively from Eq.
18 and Eq. 19 and making the substitutions 7 = (1, -1,,),

L= (L~hy)and v, = (v,~v,,) gives
dl o
a2l A, (22)

1ss
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dl a, l' + ﬂz
2

NN

1ss

i (23)

By taking Laplace transform of Eq. 22 and Eq. 23, re-
arranging and substituting the values of the CT system
parameters and constant given by , the transfer
function for the CT system from pump to tank 2 is given
by

6.9816x107°

G(s) = =
s*+0.13135+43095x 10

Equation 24 represents the linear model for the CT
system obtained analytically. Another method that can
be used for obtaining a linear first order approximate
model with deadtime for the nonlinear CT system is
empirical method. The method is similar to system
identification but it is more applicable in process con-
trol. Because most of the process in process control are
associated with deadtime. To design a linear controller
for a process linear model is required. In this study we
used linear approximated model obtained using empiri-
cal method to designed linear controllers and nonlinear
model which is the actual model to designed nonlinear
controllers. Using this approach, the linear first order ap-
proximate model with deadtime model of the CT can be
presented using, Eq. 25 obtained from [18] as

K Ce"%
G(S) - Tds+1

Where K o 0 and 7 are plant dc-gain, deadtime and
plant time constant respectively. K, 6 and 7 were ob-
tained using Eq. 26, Eq. 27 and Eq. 28 respectively.

_ Change inl, _ Al

(24)

(25)

- (26)

Change inv,  Av,
=L 5( 63% 23%) (27)
0=ty —T (28)
Where ¢, and ¢, are times taken for the system’s out-

put to reach 63% and 28% steady state value respectively.

By applying a step change input perturbation to the
nonlinear model for the CT system, the parameters for
the model given by Eq. 25 were calculated using Eq. 26
to Eq. 28 by extracting data from process reaction curve
of the nonlinear model for the CT system. The empirical
model for the CT is given by Eq. 29

—1.3s
G (s) _ L.62e
245 +1
Residual analysis and Auto correlation analysis were
employed as shown in to investigate the accu-
racy of the linear models for the CT system given by Eq.
24 and Eq. 29.

(29)
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Figure 2: Models validation based on autocorrelation, cross correlation and residual analysis.
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Figure 3: Comparison for nonlinear and linear models.
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The models were compared with the nonlinear model
for the CT system (Eq.7 and Eq.10) as shown in
based on Final Prediction Error (FPE), Mean-Square
Error (MSE), Integral Absolute Error (IAE), Mean Ab-
solute Error (MAE) and Confidence Level (CFL). The
comparisons for the results are given by

Based on the model validation techniques employed,
the empirical model was observed to deviate from the
nonlinear model less when compared to the deviation of
the analytical model and indeed Deadtime can be clear
seen in the empirical model as most of the processes are
associated with Deadtime naturally.

At this point we present the proposed control strategies.
The main control objective is to maintain the liquid level
in tank 2 at desired level by adjusting the pump flow rate.
The control designs have been categorized into two; cate-
gory one control systems and category two control systems.
In category one, PI controllers based on PP, ZN and CC
tuning rules have been proposed, while in category two ad-
vanced control systems based on PI + FF and MPC have
been proposed. The requirements are that the control sys-
tems should satisfy the following specifications:

L2:15cm

 The percentage overshot in tank 2 to less than 10%,
thus PO, < 10%

o Settling time for tank 2 should be less than 20 sec-
onds, thus; Ts 2 < 20 sec

PI control system designs

The role played by PP control is it stabilizes an un-
stable system stable or improves its transient response
performance by placing the system closed-loop poles to
the left half of the s-plane [19].

The transfer function for a parallel form PI controller

is given by [3]
K
G.(s) =K, +—+ (30)
s

The Deadtime for the linear model of Eq. 29 is very
negligible compared to the dominant time scale of the
system. Hence, we can neglect the Deadtime without loss

of generality.

By using the PI controller given by Eq. 30 and the CT
plant equation given by Eq. 29, the closed-loop charac-
teristic equation for the system is given as

« The steady state error should be zero, hence e = 0 5 (1 +K, K, )s K, K
ss c""c de” ™1 _
ST+ + =0 (31)
o The operating point in tank 2 should be 15 c¢m, thus T T
e R [ 61.484
Sqr Integrator3 ISE for PP
+P! j+£  Pump Voltage Tank2 Level + Jul 1 [ 37.969
s
PI_PP  Saturation1 = Abs Integrator IAE for PP
15 —
Empirical
Set-Point tank2 C ) » t
To Work pace1 Clock To Work pace
ﬂ_ﬂ : P! % I Pump Voltage Tank2 Level I:l
H
Pulse PI_NzZ Saturation2 Scope A wl Ly 1 33.167
Generator Empirical o - :
Abs1 Integrator1 IAE for ZN
1|—||-|ﬁ[ w2 | % L 61.038
Noise
(Pump Voltage/Flow rate) : .FI 7|£ 4 Pump Voltage Tank2 Level Sqr1  Integratord ISE for ZN
PI_CC Saturation3
Empirical ul : 86.046
l Abs2  Integrator2 IAE for Ciancone
o) SR SN VAR
Sar2  Integrator5 ISE for Ciancone
Figure 4: Matlab/Simulink block diagram to determine minimal IAE and ISE for all the PI turning rules.
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By comparing Eq. 31 with Eq. 32, the tuning param-
eter K_and K| for the PI controller can be obtained by
means of pole placement where the desired characteristic
equation is

s’ +2lw, s+ @) =0 (32)

The value for the damping coefficient, £ and natural
frequency, @, can be calculated by making use of the
following relationship given by

[ PO,
- 100

4

2 " ET,
7 +1n| £O: ’
100
The parameters & and @, were obtained as 0.5912
and 0.3383 respectively. Similarly, solving for K_and K,

gives 5.3087 and 1.6955 respectively. Hence, the PI con-
troller transfer function is given by

1.6955

S

(33)

G.(s) =5.3087+ (34)

Similarly, ZN and CC tuning rule were implemented
using Matlab/Simulink shown in Figure 4 for the pur-
pose of investigating the tuning rule that will give the
best response in terms of time response characteristics,
minimal IAE and minimal ISE values.

The summary of the tuning parameters (K_and K))
for the PI controller based on the three tuning rules dis-
cussed is given by Table 3.

PI-plus-feedforward control systems design

In this section, PI + FF control system design is pre-
sented. The structure of the PI + FF control strategy is
given by Figure 5. FF control helps to compensate for

the changes in load disturbance before they are detected
by the Feedback (FB) control system. By doing this, the
controlled variable (in this context, liquid level in tank 2)
does not deviate considerably from its set point. Further-
more, the FF control is fully compatible with FB.

At steady-state conditions, the following modifica-
tions can be made to Eq. 10.

L =1.1=1_ andi,=0 (35)
Hence, Eq. 10 can be written as Eq. 36.
y 2
ll = [ 02] llss (36)
Aol

Equation 35 can be used to design FF controller for lig-
uid level control in tank 2. The control problem requires us
to compute the FF controller gain, k_, using Eq. 36 as

A 2
k = o2
” [Aol ]

Hence, the control input, Vo from the FF controller
is given by

K,
(37)

Vo = Kol (38)

Therefore, after incorporating FF controller to the CT
system, the total input voltage to the system is the sum of
the output voltage from the FF controller and that of FB
controller.

MPC control system design based on GPC
The structure of the MPC control strategy is given by

Table 3: Time response criteria for pi tuning rules.

Tuning rule K, K,

Ziegler Nichols (ZN) 6.50 1.50
Ciancone Correlation (CC) 2.10 0.60
Pole Placement (PP) 5.30 1.70

LZref

CVp
Vo

Vot

G(s) >

Figure 5: FB + FF control structure.
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Figure 6: MPC control structure.

Figure 6, where the measured variable (level in tank 2) is
fed back and compared with the reference signal (level
set-point).

In MPC control strategy the control problem is for-
mulated based on Generalized Predictive Control (GPC).
The discrete state-vector representation of the CT system
can be expressed as

x,(k+1)=4,x,(k)+B,u(k)
ym (k) = Cm'xm (k)
Where,
L (k L (k u(k) =v
=]l W[t O] maso s
To design a predictive controller, u(k) needs to be

adjusted. Hence Eq. 39 and Eq. 40 are augmented with
an integrator as 4 (k)

(39)
(40)

B

(i) e T Gl
ORI [ @)
Where,

0, =[0-—-0], Ax, (k+1) =x, (k+1)-x, (k) and if

m

We connect x (k) to the output, then we can form a
new state variable vector given as

x(k) = [ax, () 3, (k)]

Where Ax  refers to the difference of the state vari-
able and is given by

Tijjani et al. J Robotics Autom 2017, 1(1):42-53

Table 4: MPC controller design parameters.

Parameter Value
Prediction horizon (N,) 30
Control horizon (N,) 2
Control interval 0.2
Controller sampling time 0.10 sec
Output constraint (Level) <15.0cm
Control input constraint (V) <30.00V
Input weight penalty 0

Output weight penalty 1

Ax, (k) =x, (k)—x,(k-1)

Assuming current sampling instance Ki > 0, then the
future states of the system can be computed using the
equation given as

x(k+N, k) =A"x(k)+ 4" BAu(k,)+ A" BAu(k, + N, -1) (44)
Where N refers to control horizon, NP is the length of

the optimized prediction window and Au(k) is the differ-
ence of the control variables and is given by

Au(k)=u(k)—u(k—1)

From Eq. 44 the output prediction can be expressed as

Y = Fa(k; ) + @aU (45)
Where,
T
Y:[y(ki+l|ki) y(k+21k;) y(ki+Np\ki)]
AU =[ (k) Mu(k+1) oo Au(ky+Ne - 1)]T
CA CB 0 0
ci? | and CAB CB 0
F= o= 0
cAP ca'Ply e PN

If we assume the data vector that contains the set-
point information is given by Eq. 46 then the cost func-
tion reflecting the control objective function can be writ-
ten as Eq. 47.

RI=[1 1 1]r(k) (46)
-~
Np
J = (R, —Y)T (Rg-Y)+AUT R AU (47)

Where, R, :rWX[NCxNC’ ry=0. R, is used as a
tuning parameter to achieve the desired closed-loop re-
sponse.

The requirement is to find the change in control input,
AU that will minimize the cost function, J using Eq. 47.

A rule of thumb for selecting an appropriate value for
MPC controller prediction horizon, N, is to select a value
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that is at least equal to the model settling time. For this
reason, a value of 30 is a reasonable selection. The con-
troller sampling period was selected as 0.1 seconds (cor-
responding to 10 Hz sampling frequency). Other MPC
controller design parameters values are given by

At this point, the results obtained in this work are
presented. The accuracy of the two linear models (ana-
lytical and empirical) given by Eq. 24 and Eq. 29 derived
from the nonlinear model given by Eq. 7 and Eq. 10 were
investigated as shown previously in and

. Based on , it can be seen that the empirical
model is more accurate when compared to the analyt-
ical model. This can be attributed to the linearization
approximations of the two nonlinear terms in Eq. 7 and

Table 5: Time response criteria for pi tuning rules.

Tuning rule Settling |Overshoot Steady Rise
time (s) (%) state error time (s)

Ziegler Nichols (17 8 -0.8 5

(ZN)

Ciancone 37 26 -0.9 10

Correlation (CC)

Pole Placement 15 14 -0.8 7

(PP)

Table 6: IAE and ISE values for pi tuning rules.

Eq. 10, and also as a result of the fact that the analyti-
cal model does not account for the system time delay.
To further support this argument, FPE, MSE, IAE, MAE
and CFL values for modelling errors have been investi-
gated and are given by (above). The error values
also showed that the empirical model was more accurate.
shows the tracking control responses for PI con-
trollers based on ZN, CC and PP tuning rules.
and show the corresponding time response char-
acteristics and IAE and ISE values respectively for the
three PI tuning rules. Based on the results, it can be seen
that ZN tuning rule have the lowest IAE and ISE value
of 33.17 and 61.04 ( ). Settling time for ZN, CC
and PP rules were 17 seconds, 37 seconds and 15 seconds
respectively, Overshoots of 8%, 26% and 14% were ob-
served for ZN, CC and PP respectively. However steady
state errors were notice in both the cases. Furthermore, it
can be noticed that all the PI tuning rules did not give us
a PI controller that satisfies our 20 seconds settling time
and 10% overshoot.

It was assumed that overshoot needs more attention,
hence ZN tuning was considered “better”. For this rea-
son, an improved PI controller (by means of FF control-

Table 7: Time response criteria and ISE values for PI - ZN, PI
+ FF and MPC.

Control Settling Overshoot Steady Rise ISE
Tuning rule IAE value |ISE value method time (s) (%) state error time (s) values
Ziegler Nichols (ZN) 33.17 61.04 PlI-ZN [17.00 |8 -0.80 5.00 61.04
Ciancone Correlation (CC) 86.05 173.12 Pl +FF 7.00 1 0.10 3.50 49.57
Pole Placement (PP) 37.97 61.49 MPC 4.00 0 0.00 1.60 21.19
16 T T T T T T T T
L4
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Figure 7: Pl tuning methods tracking control responses.
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Figure 9: PI, Pl + FF and MPC tracking controls.
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ler incorporation) and MPC controller were investigated
for faster and a more robust performance using Matlab/
Simulink block diagram shown in Figure 8. Figure 9
shows the tracking control responses for ZN based PI,
PI + FF and MPC controllers. Based on the results pre-
sented in Figure 9 and Table 7, an improvement was ob-
served after FF controller was added to the PI feedback
controller. However, MPC response was more superior
compared the responses for PI and PI + FF controllers.
In point of fact, based on ISE and IAE values for PI, PI
+ FF and MPC control strategies given by Table 7 and
Figure 10, it can be seen that MPC has the smallest ISE
(21.19) and TAE (17.68) values, hence it shows that MPC
response was better.

Conclusion

From the nonlinear dynamic model, the transfer
function models for the Coupled-Tank system based on
analytical and empirical methods have been established.
FPE, MSE, TAE, MAE and CFL were employed for the
purpose of investigating the accuracy of the empirical
and analytical models. Hence, based on FPE, MSE, IAE,
MAE and CFL error levels presented in Table 2 above,
it can be concluded that the empirical model was more
accurate in this context. PI controllers for liquid level
control in tank 2 based on three tuning methods (ZN,
CC and PP) have been designed using MATLAB/Sim-
ulink. In this context, PI based on ZN tuning method’s
response was more acceptable as it has been investigated
based on IAE values, ISE values and time response char-
acteristics.

The PI controller was unable to satisfy all the control
objectives. To further improve the robustness of the PI -
ZN, a FF controller was incorporated to the PI controller.

Tijjani et al. J Robotics Autom 2017, 1(1):42-53

The response for the PI + FF controller was compared to
the response obtained by MPC for level control in tank 2.
Based on ISE values, IAE values and time response cha-
rateristics, the performances of the ZN - PI, PI + FF and
MPC controllers were investigated. It was observed that,
the PI + FF controller and MPC controller can be used
to achieve all the control objectives. However, the re-
sponse by MPC controller was more acceptable in terms
of time response characteristics where 0% overshot and 4
seconds settling time were recorded. ISE and IAE values
also confirmed the MPC controller was more rubost.
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