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Abstract

SARS-CoV-2 is the pathogen of COVID-19, which has caused a pandemic worldwide at the beginning of 2020. The clinical
symptoms of SARS-CoV-2 infection are not identical, and the infected person can suffer from common cold to more se-
vere diseases, such as pneumonia, which is an important cause of COVID-19 deaths. Virus dynamical behaviors of SARS-
CoV-2 in vivo of infected persons determine their different clinical symptoms. In this paper, a new virus-cell model is pro-
posed to study the dynamical behavior of SARS-CoV-2 including inflammatory responses, and then the global dynamics of
this model are studied. By persistence theory and constructing Lyapunov functions, it shows that if R_<R <1, the infec-
tion-free equilibrium of the model is globally asymptotically stable, which implies COVID-19 can heal itself in vivo. If R_<
1< R, the infected equilibrium without inflammatory is globally asymptotically stable, which implies SARS-CoV-2 would
persistently exist in vivo without inflammatory response. If 1 < R_< R, the infected equilibrium with inflammatory is
globally asymptotically stable, which implies SARSCoV-2 would persistently exist in vivo with inflammatory response. By
the simulations, it shows that the activation of inflammatory cells would change the chest radiograph score of lung cells.
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Introduction

The pathogen, Severe Acute Respiratory Syndrome Coro-
navirus 2 (SARS-CoV-2), has infected more than 11,000,000
people worldwide and the coronavirus disease it causes,
Corona Virus Disease 2019 (COVID-19), has caused more
than 500,000 deaths as of June, 2020 [1]. For this pandemic,
many 5 mathematical models have been proposed to study
the transmission of COVID-19, especially for the estimation
of its basic reproduction number RO [2-4]. However, the vi-
rus-cell model is rarely mentioned about SARS-Cov-2, which
is important in the study of virus dynamical behaviors in vivo
of infected persons. And they determine the different clini-
cal symptoms of SARS-CoV-2 infection from common cold to
more severe diseases, such as pneumonia [5].

Nowak-Bangham’s model was first studied in [6] to de-
scribe the virus-cell dynamics of Human Immunodeficiency
Virus (HIV) in vivo. Its global stability was studied in [7,8]. In
[9], the authors studied the global stability of a virus dynam-
ics model with Beddington-DeAngelis term and immune re-
sponse. For HIV, the virus-cell model has been considered to
study the virus dynamics during infection-immunity process-
es. However, for SARS-Cov-2, the inflammation responses are
more important, which would lead to pneumonia from com-
mon cold. The inflammation response is the body’s defensive
response to virus infection. When the body is infected, an
inflammatory would respond to get rid of itself and restore

health. Usually, the inflammation response is beneficial, but
sometimes it can be harmful to attack the body’s healthy tis-
sues, such as lung cells. Uncontrolled inflammation due to in-
fection can culminate in organ failure and death [10]. In view
of this fact, we propose a new virus-cell model with inflam-
mation responses, which reflects the inflammation process of
SARXS-Cov-2. In the next section, we give the model descrip-
tion, and then we analyze the global stability of the model.

Formulation of the Model

In our model, T(t) denotes the density of uninfected lung
cells, I(t) denotes that of infected lung cells, C(t) denotes that
of inflammatory cells and V(t) denotes that of SARS-Cov-2.
The healthy lung cells are assumed to reproduce with a con-
stant rate A. The average lifetime of T(t), /(t), C(t) and V(t)
are 1/d, 1/a, 1/y and 1/u, respectively. Free SARS-CoV-2 is
produced from infected lung cells at the rate ar and infects
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Figure 1: A model for SARS-CoV-2 infection with inflammation responses in vivo.
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the healthy lung cells at the rate 8. Inflammatory cells are ac-
tivated by the infected cells at the rate n. The advantage of
inflammatory cells is to kill infected lung cells at the rate g,
but the disadvantage of them is to kill the healthy lung cells at
the rate of o,. All the parameters are assumed positive.

According to Figure 1, the virus-cell dynamics model of
SARS-CoV-2 is established as follows:

dzit) A—dT(t)— BV (OT(t) - o,C(OT (1),
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tem (1) has an infected equilibrium without inflammatory
=(T,1,0,V) = (5,5 (R, —1),0,4(R,

condition of positive equilibrium, we can get the basic repro-
ductive number for system (1):
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Let w(¢) is the w-limit set of ¢. ¢ is a continuous semiflow
on X, X, is a subset in metric space with metric d. ¢ : [0, o)
xX > X withp,od =¢,,t 5s20; ¢(x) =x, x €X,. Let the
solution of system (1) be u(t) = u(t)(¢) := (S(t), I(t),C(t),R(t)).
Thus, we can discuss the dynamics behavior of system (1) in
the closed set D ={(T,1,C,V)e R} :T <4}. And itis easy
to see that D is positively invariant of system (1).

We define

l)1 :{(T,I,C,V)‘]:Oor V:O’C:0’0<ng},

:{(T,I,C,V)

[>0,C>0,V>0,0<T£%},D2:D\Dl.

D, and 152 are forward invariant.

Let
Q = oY), 0(y) = ¢(0,0)xy),Y ={x=(T,1,C,V)e D;¢(x)e D,,Vt > 0}.

Q" consists of equilibria E,, E,. These equilibria cannot be
chained to each other in D,. By analyzing the flow in neighbor-
hood of each equilibrium, it is easy to see that Q" 40 is isolat-
ed in D and D, is a uniform strong repeller for f)2 [11,12]. If
u(t) stays close to E,, we have three cases: if / (0) = V (0) =
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then/(t)=V(t)=0;if 1 (0)>0o0r V(0)>0, C(0)=0then/(t)
>0,V(t)>0and C(t)=0;if I (0)>0o0r V(0)>0, C(0)>0then
I'(t)>0,V(t)>0and C(t) > 0. Therefore, E_ is isolated in D.
Similarly, we can prove that E_ is isolated in D.

Analysis of Stability

Theorem 1: [f R_< R < 1, then E_ is locally asymptotically
stable; if R_< 1 <R, then E_ is locally asymptotically stable. If
1<R_<R, thenE andE is unstable, and E" is locally asymp-
totically stable.

Proof: After calculation, it is shown that the Jacobian ma-
trix of the vector field corresponding to system (1) is

—d-pV-o,C 0 -o,T —-pT

I BV -a-o0,C -ol pT
0 ncC nl-y 0

0 ar 0 —U

The characteristic equation associated with J at E_ is given
by

ABar

A+d)A+7)A> +(a+ ) +au— )=0. (2)

If R_<R, <1, then all roots of equation (2) have negative
real parts. Therefore, £ is locally asymptotically stable.

At E1, the associated characteristic equation is
(A+y—nI) (A’ + 4,27 + A4+ 4)) =0, (3)
where
Ay =d+pV +a+ A =au—plar+(a+u)d+ BV), 4, = dau—d pTar + fV apu.
IfR_<1<R, then 771_—7/ < 0. After calculation, it is shown
thatA,>0,A >0,A >0andAA -A_ >0.Thus, the Routh-hur-

witz criterion implies that all roots of equation (3) have neg-
ative real parts and then E_ is locally asymptotically stable.

If 1 <R <R, at least one of the roots of equations (2) or
(3) has positive real part according to the calculation above,
then E and E, are unstable.

At E7, the associated characteristic equation is
By=pu+a+c,C +d+pV +o,C"; (4)
where
B=u+a+c,C +d+pV +0,C";
B, =(u+a+c,CYd+pV +0,C)+(au+o,u— BT ar+o,I'nC");
B =(d+pV +0,C"YNau+o,u— BT ar+oc,InC Y+ uonl'C" + BTV (o,nC" - Bar);
B,=(d+pV +0,Cuocnl C" + Puc T’ CV’";
After calculation, it is shown that B,>0,B,>0,B >0,

B,>0, BB, - B, >0 and BB,B,~B,B; —B>0. Thus, the
Routh-hurwitz criterion implies that all roots of equation (4)
have negative real parts and then E’ is locally asymptotically
stable.

Theorem 2: IfR <R <1, then E_is globally asymptotically
stable in D; if R_< 1 <R, then E_is locally asymptotically stable
in D; if 1 <R_< R, then E" is globally asymptotically stable in
D

0.

Proof: According to Lyapunov function

T T
L(T,1,C,V)=T)(——In—)+1+-=V.
L T, ar
L, is continuous on the set D. The derivative of L along the
solution of model (1) is
dL T

1,, «
—<AQ-——-)+—==(R,-DV.
dt ( T, T) ar(o )

. . L
Itis obvious that R <1 ensures %< 0, forallT,/,C, vV>0.
t

Let u(t) = (S(t), I(t), C(t), R(t)) be the solution of system (1)
withany ® € w(¢) € D. Thenthe invariance of w(¢) implies that
u(t) € w(p)fort€R.Sinceu(t)isboundedanddifferentiable, if R,

< 1, im7()=4.,lim 1() = 0,lim C(t) = 0 and lim V(1) = 0.

Therefore, we can obtain w(¢) = E and E  is globally attractive
in D. From Theorem 1, we know that E_ is locally asymptoti-
cally stable, then we get if R < 1, E_ is globally asymptotically
stable in D.

For £, R_<1<R_ ensures the existence of it. Define Lya-
punov function

=T T, -1 I, a=V vV
L T,],C,V =T(=-In=)+/(=—In=)+—V(=-In=).
o )=TGE—I=)+[(F-Inm)+— (V 7)

L, is continuous on the set D. The derivative of L, along the
solution of model (1) is

ﬁgd?(z—i—z)mm————— )<0
dt T T

Let v(t) = (S(t), /(t), C(t), R(t)) be the solution of sys-
tem (1) with any ® € w(¢) < D. Since (7_",7,0,17) en-

d_L 0, then the

dt
im7(¢)=T,limI(f)=T,lim C(¢) =0 and limV(t)=7.

sures invariance of w(¢) implies

Therefore, we can obtain w(¢) = E, and E_ is globally at-
tractive in D. From Theorem 1, we know that £, is locally as-
ymptotically stable, then we get if R_ <1 <R, £, is globally
asymptotically stable in D.

Next, we consider the stability of infected equilibrium
with inflammation £* by persistence theory. Since E,, E, are
isolated in D. Using Proposition 4.3 in [11], we can prove that
D, is a uniform weak repeller for D,; and using Theorem 4.5
in [11], we can prove that D, is a uniform strong repeller for

D

.
Then we get that there exists an € > (), such that
lim inf | min{l(¢),C(¢),V (¢)} >,
with T(0) > 0, /(0) > 0, C(0) > 0 and V (0) > 0 in D,.
Therefore, if R_< R < 1, E" is the unique internal equilibri-
um of system (1). Since system (1) is persistent in D,,
E" is locally asymptotically stable by Theorem 1, then
im7@) =T",limI(#)=1",limC(t)=C" and limV(t)=V".
—0 > t—>0

> t
Therefore, if R_< R <1, then E" is globally asymptotically sta-
blein D,.
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Figure 2: The chest radiograph score data [14] and fitted result of SARS-CoV-2 virus cell model with inflammatory responses.

Table 1: Model parameters.

Parameter Description Value Source
A Regeneration rate of uninfected lung cells 0.12 Est.
B Infection rate of lung cells by virus 0.55 [13]
n Activation rate of inflammatory cells by the infected cells 0.1 Est.
o, Killing rate of infected lung cells by inflammatory cells 0.025 Est.
o, Killing rate of uninfected lung cells by inflammatory cells 0.012 Est.
ar Virus production rate per infected lung cells 0.24 [13]
1/d Average lifetime of uninfected cells 1000 [13]
1/a Average lifetime of infected cells 9 [13]
1p Average lifetime of SARS-CoV-2 0.187 [13]
1y Average lifetime of inflammatory cells 10 Est.
25
— (1)
20-
151
2
8 or g
@ 10
5
01
0 5 10 15 20
Days

Figure 3: Effect of o, on the change of infected lung cells score.
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Simulations

[13] has studied the virus-cell model of SARS-CoV-2 by the
chest radiograph score data from serve patients (with high
chest radiograph scores) [13,14]. Therefore, in this paper, we
continue to consider the chest radiograph score as a way to
reflect the infected lung cells by SARS-Cov-2, then we add the
effect of inflammatory response by C(t) > 0. Figure 2 shows
the fitted result of the model. The activation of inflammatory
cells decrease the chest radiograph score more rapidly as the
red line. It is the healthy response that the inflammatory cells
becomes activated, clears the pathogen, and then begins a
repair process and abates. The value of parameters is summa-
rized in Table 1. Some of them were collected from [13], and
others are estimated by MATLAB, using genetic algorithm.
Figure 3 shows the effect of o, on the decrease of infected
lung cells score, which is also proving of the advantage of in-

flammatory cells.

However, since the inflammatory response is non-specific
and is the first line of defense of the body against viral infec-
tions, uncontrolled inflammatory response would kill more
healthy infected lung cells, as shown in Figure 4. It would lead
to the lung failure or even to death, which is the main cause
of COVID-19 death. It is also worth noting that the activation
of inflammatory cells never change the value of R_by o, and
o, While, the value of average lifetime of inflammatory cells
would change the value of R, as is shown in Figure 5, which
implies the effect of inflammatory response on the decrease
of virus infection rate in vivo. Figure 6 shows the sensitivity
analysis of yand non R

Discussion

Inflammation response is one of the reasons for fatal
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Figure 4: Effect of o, on the change of uninfected lung cells score.
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Figure 5: Sensitivity analysis of y on R,
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Figure 6: Sensitivity analysis of y and n on Re,

pneumonia caused by SARS-CoV-2. However, few studies
on the mechanism of the inflammatory response during the
SARS-CoV-2 infection processes in vivo. In this paper, a new
virus-cell mathematical model is constructed to study the dy-
namical behavior of SARS-CoV-2 including inflammatory re-
sponses. Moreover, the rationality of this method is obtained
through the simulations of the chest radiograph score.

Based on the stability conditions of model (1), we con-
struct the basic reproductive number of the model, R. The R,
of SARS-CoV-2 with the inflammatory response is smaller than
the original reproduction number R without the inflammato-
ry response. The addition of inflammatory responses changes
the basic reproduction number R to R. It shows that if R_<
R, < 1, the infection-free equilibrium of the model is globally
asymptotically stable; if R_< 1 < R, the infected equilibrium
without inflammatory is globally asymptotically stable, if 1 <
R.<R,, the infected equilibrium with inflammatory is globally
asymptotically stable.

R.<R,implies that the inflammatory responses would de-
crease the rate of SARS-CoV-2 infection, which is beneficial to
the body health. However, the infected equilibrium changes
to two styles, infected equilibrium without inflammatory E,
and infected equilibrium with inflammatory E". Different pa-
rameters, g, and o,, determine different E°. If 0, is so large
that inflammatory cells attack healthy cells more strongly,
with lower T, the clinical symptoms caused by pneumonia
are more intense, which is an important cause of COVID-19
death. However, the activation of inflammatory cells are nev-
er changed the value of R_by ¢, and o, but changed by y. It
is an important result to give some help to understand the
disease mechanism of SARS-CoV-2 in vivo and then give some
advice to the diagnosis and treatment of COVID-19.
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