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Abstract
This study presents first a relatively lesser studied topic of the role played by surface-parallel restraints in determining 
the response of simply supported thick to thin doubly curved cross-ply panels of rectangular plan-form, modeled using 
a third order shear deformation theory, quantified by way of the difference between full and absent surface-parallel 
edge restraints. Mathematically speaking, this corresponds to the difference between complementary solutions to mixed 
boundary-value problems, resulting from two extreme sets of surface-parallel restraints. Of special interest is the three-
way interaction of the membrane action due to curvature with the surface-parallel boundary constraint as well as the 
higher-order (resp. first-order) bending-stretching coupling producing beam-column/tie-bar type softening/hardening 
effects in thick (respectively thin) asymmetric cross-ply panels. Comparison with other popular shear deformation 
theories, such as the layer-wise constant shear-angle theory or zig-zag theory and first order shear deformation theory, 
also constitutes an important focus of this investigation. Results for cross-ply plates are regenerated in order to show the 
severity of the effect of curvature, especially in the thin shell regime.
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Nomenclature
a, b = Dimensions of the plate parallel to the x1 and x2 axes, 

respectively.

h = Total thickness of a laminated curved panel.

m, n = Modal wave numbers in x1 and x2 directions, 
respectively.

Ni, Mi = Surface-parallel stress resultants and moment 
resultants, respectively (i = 1, 2, 6).

Pi = Third order moment resultants (i = 1, 2, 6).

Qi, Ki = Transverse shear stress resultants and their third 
order counterparts, respectively (i = 1, 2).

Q = Distributed transverse load.

Ri = Principal radii of normal curvature of the reference 
(middle) surface in the xi direction.

ui = Components of displacement at the reference surface 
(x1, x2, 0) in xi direction (i = 1, 2).

xi = Orthogonal curvilinear coordinates. 

i = Rotation of the normal to the reference surface (i = 1, 2).

Introduction

Background Information
Curved panels (open shells), made of advanced laminated 

composite materials, e.g., carbon/epoxy, boron/epoxy, 
Kevlar/epoxy, carbon/PEEK, etc. are fast becoming common 
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load-bearing structural elements in aerospace, hydrospace, ground transportation and many other civil/military applications, 
because of their possession of such beneficial properties as higher strength-to-weight ratios, longer (surface-parallel) fatigue 
(including sonic fatigue) life, better stealth characteristics, enhanced corrosion resistance, and so forth. Examples relating 
to recent aero-structural applications include but not limited to unmanned airborne vehicles (UAV), Boeing 787 Dreamliner 
(80% composites by volume, 50% by weight), Airbus A380 (composites more than 20% of airframe), F-22 Raptor (composites 
comprising 24% of the structural weight), F-35 JSF (Joint Strike Fighter, composites comprising 35% of airframe weight) among 
many others. Lesser known, but no less important are hydrospace applications in pressure hulls of submersibles [1-3], such as 
those used in search and rescue operations, e.g., in the Russian submarine, Kursk, disaster [4]. The composites used in such 
hydrospace applications must, by necessity, be thick-sectioned in order to avoid catastrophic collapse caused by structural 
buckling [5]. Additionally, since the transverse shear moduli, GLT, GTT, of a typical advanced polymeric composite material 
(transversely isotropic solid), such as carbon/epoxy, carbon/PEEK, etc. are known to be much lower than their longitudinal 
Young’s modulus, EL, which serves as a precursor for inter-laminar shear related fatigue failures. It follows that a reliable 
design/analysis of these critical structural components must incorporate higher order variation of inter-laminar shear stresses/
strains into the formulation. Such pressure hulls must be made of curved panels of finite dimensions, necessitating solution to 
the boundary-value problem of a thick (highly shear-flexible) doubly curved panel, which entails, unlike either two centuries-
old Navier's or close to a century-old Levy's approach, satisfaction of prescribed (admissible) boundary conditions at all four 
edges.

Typically, these laminated composite structures, subjected to thermo-mechanical loading, are analyzed using approximate 
numerical techniques or weak form of solutions, such as primarily finite element methods (FEM) [6-38], because of the ease 
with which problems, of nonlinearity, general plate/shell geometry, irregular shapes, non-uniform thickness, anisotropy, 
arbitrary lamination, complex boundaries involving multiple holes or cut-outs, general loading conditions and so on, can be 
handled by this method, but also more recently developed approximation methods, such as meshless Petrov-Galerkin methods 
[39,40], differential quadrature (DQ) method [41], radial basis function (RBF) method [42] and Sinc methods (especially in 
conjunction with boundary integral equation (BIE) methodology [43]. These weak or integral form of solutions are typically 
validated by comparing with their analytical (i.e., strong or differential form of solutions) counterparts, which are either exact 
(i.e., closed-form) or exact in the limit (e.g., Fourier series solutions), and which serve as bench-mark solutions for validation 
of approximate numerical solutions, such as those computed using the FEM. In principle, the above-mentioned variational or 
weighted residual type numerical procedures, such as the FEM, are known to be capable of satisfying the system of governing 
PDE's in some weak sense, and also the boundary limits (traces) of the solutions can be said to exist in some weak sense (trace 
theorem) and agree with the prescribed boundary data in some suitable function space, such as the Sobolev space, 

0

1H , 
wherein the superscript 0 refers to the boundary. However, they fail to satisfy, in the point-wise sense ( C∞ ), all the boundary 
conditions, especially the natural boundary constraints, and produced averaged out results across boundary discontinuities of 
unknown functions and/or their partial derivatives.

A number of semi-analytical methods have also appeared in the literature during the last two to three decades, the most 
noteworthy among them being the nonlinear resonance method, which is employed to compute elastic collapse pressures 
of shell-type structures weakened by modal imperfections [44-46]. Additionally, FEM-based semi-analytical post-processing 
approaches have also proven to be quite useful in enhancing the accuracy of inter-laminar shear stresses a posteriori [47-51]. 
While the equilibrium methods are reasonably accurate for symmetric laminates [47-49], they are not so in case of asymmetric 
laminates, which call for employment of the equilibrium/compatibility methods [50,51]. Li [52] has recently provided a fairly 
comprehensive review on layer-wise theories of laminated composite structures and their applications, covering majority of 
the topics discussed above.

Analytical or strong form of solutions
The present solution methodology is based on the double Fourier series approach. The primary mathematical issue at stake 

is whether “the hypothetical representation by Fourier series” possess “sufficient generality to satisfy all the required conditions 
and furnish a solution” [53]. In other words, existence of the resulting Fourier series solution is not guaranteed in the absence 
of additional appropriate mathematical “structures” to the formulation through introduction of certain boundary constraints 
[53,54]. This said, such hypothetical representation by double Fourier series can serve as particular solutions to plate/shell 
boundary-value problems under consideration. This step is followed by derivation of appropriate partial derivatives accounting 
for boundary discontinuities, of these functions and their partial derivatives, known as complementary boundary constraints 
(see Chaudhuri [54,55]. This step introduces boundary Fourier coefficients, which supply the complementary solution to the 
boundary-value problem. It must be emphasized here that “the complementary boundary constraints, which are inequalities, 
play as important a role as the (prescribed) admissible boundary conditions, which are equalities” [55]. Double Fourier series 
solutions to classical lamination theory (CLT)-based homogeneous and laminated plate and shell boundary value problems are 
available in Refs. [56-62] and [63-67], respectively. Likewise, double Fourier series based solutions to various first order shear 
deformation theory (FSDT)-based laminated anisotropic plate and shell boundary-value problems have been presented in Refs. 
[68-76] and [77-84], respectively.

https://en.wikipedia.org/wiki/Composite_material
https://en.wikipedia.org/wiki/Airframe
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Recent decades have, following the pioneering lead by Basset [85], witnessed the introduction of second- and third-order 
shear deformation theories (TSDT), entailing continuity of quadratic and cubic, respectively, distribution, of the surface-parallel 
(in-plane for flat panels) displacement components through the laminate thickness [19], see for detailed reviews by Reddy 
[19], and Chaudhuri and Kabir [86] for the decades prior to 2000, and Giunta, et al. [87], and Chaudhuri and Oktem [88,89], 
thereafter.

It is important to note here that an overwhelming majority of laminated plate/shell problems, formulated through 
employment of various higher-order shear deformation theories, are solved using the Navier type approach [19,90,91], only 
followed by that due to Levy [19,92-98] . It has been noted earlier that for cross-ply laminates, while the former can only 
produce particular solutions for very specific set of boundary constraints [88], i.e. the SS3 prescribed at all four edges, the 
latter essentially solves a curved or straight beam type of boundary-value problems, because of the SS3 being prescribed at the 
remaining two opposite edges; see Appendix A for definition of various boundary constraints.Oktem and co-workers [88-89,99-
105] presented boundary-discontinuous type double Fourier series solutions of highly coupled system of partial differential 
equations (relating to cross-ply laminated plates/shells) subjected to various boundary conditions. Needless to state, Navier 
[19,90,91] and Levy-type solutions [19,92-98] to thick cross-ply flat and curved panels serve as special cases of the above.

Several researchers, e.g., [62,106-108], have published their experimental findings that endeavored to verify analytical 
predictions, such as mentioned above. More detailed reviews on this topic are available elsewhere [88], and will not be 
repeated here in the interest of brevity of presentation.

Motivation and Objective
This paper presents boundary-discontinuous double Fourier series solution to a class of self-adjoint differential system of 

five highly coupled fourth order linear partial differential equations, arising out of the afore-mentioned TSDT-based formulation 
for general cross-ply doubly curved panels, subjected to SS4 boundary conditions (full surface-parallel edge restraints). Novel 
numerical results are presented to understand the complex deformation behavior of simply supported (SS4) antisymmetric 
cross-ply panels with the membrane action due to the curvature effect. Although similar interaction of the in-plane edge 
restraint with the bending-stretching coupling has already been investigated in detail [100], the intricacies of the three-way 
interaction of the SS4 type simply supported boundary condition, which entails full surface-parallel boundary constraints, 
with the effect of curvature as well as the bending-stretching coupling, arising out of the asymmetry of lamination, has so far 
remained an enigma in the literature. Interaction of the membrane action due to curvature with the higher-order (respectively, 
first-order) bending-stretching coupling in thick (respectively, thin) cross-ply panels constitutes an important focus of this 
investigation.

The significance of four different types of simply supported boundary constraints is well-known in structural mechanics 
literature [109]. While the SS1 boundary constraint is a two-dimensional (mathematical model) extension of the roller type 
simple support of a beam, the SS4 can be considered to be a similar extension of the hinge type simple support of beam-
like (e.g., bridge) structures. The single most important factor to the commercial and military aircraft and rocket motor case 
designers alike is, of course, the design flexibility inherent in these composite laminates, known as tailoring, which is essentially 
exploiting the possibility of obtaining optimum design through a combination of structural/material concepts, such as stacking 
sequence, choice of the component phases, etc., panel-edge restraints (or lack thereof) to meet specific design requirements. In 
the context of simply supported panel edge constraints, the responses of panels with the SS1 and the SS4 boundary conditions 
represent the two bounds, and the rest (i.e., SS2 or SS3) lies somewhere in between.

Of special interest here is the role played by surface-parallel restraints in determining the response of simply supported 
thick to thin doubly curved cross-ply panels of rectangular plan-form, quantified by way of the difference between full (SS4) 
and absent (SS1) surface-parallel edge restraints. Mathematically speaking, this corresponds to the difference between 
complementary solutions, to mixed boundary-value problems, resulting from two extreme sets of surface-parallel restraints, 
namely SS1 and SS4. Results for cross-ply plates are regenerated in order to show the severity of the effect of curvature, 
especially in the thin shell regime [100]. Finally, comparison with other popular shear deformation theories, such as the layer-
wise constant shear-angle theory (LCST) or zig-zag theory, e.g., [30,110-114] and FSDT [72-115], also constitutes an important 
focus of the present investigation. It may be noted that Oktem and Chaudhuri [101] have shown that the elastic responses of 
the present TSDT-based cross-ply spherical panels are in qualitative agreement with their zig-zag or LCST (layer-wise constant 
shear angle theory)-based counterparts, computed using finite element methods (FEM) [113].

Outline
Section 2 presents the statement of the problem under investigation, while some of the details thereof are described in 

Appendix A, Appendix B and Appendix C. Specifically, the Euler-Lagrange equations representing the equations of equilibrium, 
and the associated admissible boundary constraints for the present TSDT, both derived using the principle of virtual work, are 
presented in Appendix A. Appendix B shows some of the constants that appear in the equations, while the classification of 
four different types of simply supported or clamped boundary constraints for the present TSDT, obtained from Appendix A, is 
presented in Appendix C. Section 3 supplemented by Appendix D presents the implementation of the boundary-continuous 
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double Fourier series to analytically (exact in the limit) the boundary-value problem stated above. In Section 4, novel numerical 
results are presented to understand the complex deformation behavior of simply supported (SS4) antisymmetric doubly curved 
cross-ply panels. The intricacies of the interaction of the SS4 type simply supported boundary condition, which entails full 
surface-parallel boundary constraints, with the effect of curvature (membrane action) have so far remained largely unaddressed 
in the literature. Interaction of the membrane action due to the curvature effect with the third order (respectively, first-
order) bending-stretching coupling producing beam-column/tie-bar type softening/hardening effects in thick (respectively, 
thin) cross-ply panels also constitutes an important focus of this investigation. Some interesting conclusions drawn from the 
present investigation are presented in Sub-Sec. 5, In addition, extensive suggestions for future research of laminated shells are 
provided in Section 6.

Statement of the Problem
Figure 1 depicts a laminated doubly curved panel of rectangular planform, of length a, width b and thickness h. The cross-

ply shell under consideration is composed of a finite number of orthotropic layers of uniform thickness. Strain-displacement 
relations from the theory of elasticity in curvilinear coordinates are given by [9]:
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Figure 1: Geometry of a laminated doubly curved panel.
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In Eq. (1), ( 1, 2,3, 4,5,6)i iε = represents the components of the strain tensor, and iu (i = 1, 2, 3) denotes the components 

of the displacement vector along the (ξ1, ξ2, ξ3 = ζ) coordinates at a point, 1 2 3( , , )ξ ξ ξ ζ= . The principal radii of normal 
curvature of the reference (middle) surface are denoted by R1 and R2, while RG1 and RG2 represent the geodesic curvatures 
of ξ1 and ξ2 curves, respectively [114]. In order to model the kinematic behavior of the shell, an additional set of simplifying 
assumptions are invoked: (i) Transverse inextensibility, (ii) Moderate shallowness (in regards to the normal curvatures), and (iii) 
Negligibility of geodesic curvature. The last two assumptions permit the use of curved panel coordinates x1, x2, x3 = ζ, attached 
to the panel mid-surface. It may be noted that for a cylindrical shell, the lines of principal curvature coincide with the surface-
parallel coordinate lines, while for a spherical or hyperbolic-paraboloidal shell, the same can be assumed upon negligence of 
the geodesic curvatures of the coordinate lines.

The surface-parallel displacements can be expanded in power series of ξ
3
 = ζ as suggested by Basset [85]. Only keeping the 

cubic terms and satisfying the conditions of transverse shear stresses (and hence strains) vanishing at a point (ξ
1
ξ

2
±h/2) on the 

outer (top) and inner (bottom) surfaces of the shell, yields [19,86,96]
3
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where ( 1, 2,3)iu i = denotes the displacements of a point on the middle surface, while 1ϕ  and 2ϕ are the rotations at ζ = 
0 with respect to the ξ2 and ξ1 axes, respectively. The corresponding kinematic relations are given by
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For a general cross-ply (symmetric 0 0[0 / 90 .....]S  and antisymmetric 0 0 0 0[0 / 90 / 0 / 90 .....] being two special cases) 
shell, the following elastic rigidities (integrated stiffnesses), given by Eqs. (A6) in the Appendix A, are zero:

16 26 12 16 26 16 26 45 45 12

16 26 16 26 45 16 26 0
A A B B B D D D A E

E E F F F H H
= = = = = = = = =

= = = = = = = =
                    (6)

The stress resultants, moment resultants and higher-order moment and shear resultants, given by Eqs. (A5) in terms of 
components of displacement and rotation, can now be written as follows: 

1 11 1,1 1 3 12 2,2 2 1,1 3 2,2 4 3,11 5 3,22 ,N A u a u A u a a a u a uϕ ϕ= + + + + − −                  (7a)

2 12 1,1 6 3 22 2,2 3 1,1 7 2,2 5 3,11 8 3,22 ,N A u a u A u a a a u a uϕ ϕ= + + + + − −                  (7b)

6 66 2,1 66 1,2 9 2,1 9 1,2 10 3,12 ,N A u A u a a a uϕ ϕ= + + + −                     (7c)

1 11 1,1 1 3 12 2,2 2 1,1 3 2,2 4 3,11 5 3,22 ,M B u b u B u b b b u b uϕ ϕ= + + + + − −                  (7d)

2 12 1,1 6 3 22 2,2 3 1,1 7 2,2 5 3,11 8 3,22 ,M B u b u B u b b b u b uϕ ϕ= + + + + − −                  (7e)

6 66 2,1 66 1,2 9 2,1 9 1,2 10 3,12 ,M B u B u b b b uϕ ϕ= + + + −                                   (7f)

1 11 1,1 11 3 12 2,2 12 1,1 13 2,2 14 3,11 15 3,22 ,P E u b u E u b b b u b uϕ ϕ= + + + + − −                  (7g)

2 12 1,1 19 3 22 2,2 13 1,1 16 2,2 15 3,11 17 3,22 ,P E u b u E u b b b u b uϕ ϕ= + + + + − −                   (7h)

6 66 2,1 66 1,2 18 2,1 18 1,2 19 3,12 ,P E u E u b b b uϕ ϕ= + + + −                     (7i)

1 2 1 2 3,1,Q d d uϕ= + 2 1 2 1 3,2 ,Q d d uϕ= +                   (7j,k)

1 4 1 4 3,1,K d d uϕ= +  2 3 2 3 3,2.K d d uϕ= +                   (7l,m)

The constants, , ,i i ia b d , referred to Eqs. (6), are given in Appendix B.

Substitution of Eqs. (7) into equilibrium equations given by Eqs. (A3) supplies the following five highly coupled fourth-order 
governing partial differential equations [89,96].

11 1,11 1 3,1 1 2,12 2 1,11 2 2,12 4 3,111 3 3,122 66 1,22 9 1,22 0,A u a u f u a f a u f u A u aϕ ϕ ϕ+ + + + − + + + =                (8a)

66 2,11 1 1,12 9 2,11 2 1,12 3 3,112 22 2,22 6 3,2 7 2,22 8 3,222 0A u f u a f f u A u a u a a uϕ ϕ ϕ+ + + + + + + − =                (8b)

4 1,1 5 2,2 6 3,11 7 3,22 4 1,111 8 2,112 9 1,111 10 2,112 11 3,1111

12 3,1122 8 1,122 8 2,222 10 1,122 13 2,222 14 3,2222 1 1,1 6 2,2 15 3  
f f f u f u a u f u f f f u

f u f u a u f f f u a u a u f u q
ϕ ϕ ϕ ϕ

ϕ ϕ

+ + + + + + + −

+ + + + + − − − + = −
                (8c)

2 1,11 1 2,12 2 3,1 3 1,11 4 2,12 5 1,22 6 3,111 7 3,122 9 1,22 8 1 0a u e u e u e e e e u e u a u eϕ ϕ ϕ ϕ+ + + + + + + + + =              (8d)

9 2,11 1 1,12 5 2,11 4 1,12 7 3,112 7 2,22 12 3,2 9 2,22 10 3,222 11 2 0a u e u e e e u a u e u e e u eϕ ϕ ϕ ϕ+ + + + + + + + + =                (8e)

where ,i ia e  and if  are constants, which are given in Appendix B.

In what follows, the above system of five partial differential equations is solved in conjunction with the SS4 type simply 
supported boundary condition, prescribed at the edges, 1 0,x a= , and 2 0,x b= , which are given as follows:

SS4 type simply supported boundary condition, prescribed at the edges, 1 0,x a=  and 2 0,x b=  which are given as follows 
(Refer to Figure 19d, and Eqs. (C1) and (C2d) in Appendix C):

3 2 3 2 3 1 3 1(0, ) ( , ) ( ,0) ( , ) 0u x u a x u x u x b= = = =                                    (9a)

2 2 2 2 1 1 1 1(0, ) ( , ) ( ,0) ( , ) 0x a x x x bϕ ϕ ϕ ϕ= = = = ,                   (9b)

1 2 1 2 1 1 1 1(0, ) ( , ) ( ,0) ( , ) 0u x u a x u x u x b= = = =                    (9c)

2 2 2 2 2 1 2 1(0, ) ( , ) ( ,0) ( , ) 0u x u a x u x u x b= = = =                    (9d)
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1 2 1 2 2 1 2 1(0, ) ( , ) ( ,0) ( , ) 0,M x M a x M x M x b= = = =                   (9e)

1 2 1 2 2 1 2 1(0, ) ( , ) ( ,0) ( , ) 0P x P a x P x P x b= = = =                    (9f)

Solution Methodology
The solution methodology is based on the boundary discontinuous double Fourier series approach [54,55] to solve 

boundary value problems, involving partial differential equations (with constant coefficients) of arbitrary orders subjected to 
corresponding admissible boundary conditions, of plate/shell type structural components of rectangular planform, with the 
starting point of selecting particular solution functions. These are assumed as follows: 

( ) ( ) [ ]1 1 2 1 2 1 2
0 1

, cos( )sin( ), 0, , 0,mn
m n

u x x U x x x a x bα β
∞ ∞

= =

= ∈ ∈∑∑               (10a)

( ) [ ] ( )2 1 2 1 2 1 2
1 0

, sin( ) cos( ), 0, , 0,mn
m n

u x x V x x x a x bα β
∞ ∞

= =

= ∈ ∈∑∑               (10b)

( ) [ ] [ ]3 1 2 1 2 1 2
1 1

, sin( )sin( ), 0, , 0, mn
m n

u x x W x x x a x bα β
∞ ∞

= =

= ∈ ∈∑∑                (10c)

( ) [ ] [ ]1 1 2 1 2 1 2
0 1

, cos( )sin( ), 0, , 0, mn
m n

x x X x x x a x bϕ α β
∞ ∞

= =

= ∈ ∈∑∑                              (10d)

( )2 1 2 1 2
1 0

, sin( ) c os( )mn
m n

x x Y x xϕ α β
∞ ∞

= =

= ∑∑                              (10e)

 where, , m n
a b
π πα β= =                      (11)

It may be noted that the assumed surface-parallel displacement functions for all edges SS4, while being identical to their 
SS1 counterparts [101], admit boundary discontinuities (complementary boundary constraints) different from the latter. The 
transverse displacement and the two rotations do not, as before, exhibit any boundary discontinuity, and are identical to their 
SS1 counterparts.

The total number of unknown Fourier coefficients introduced in Eqs. (10) enumerate to 5mn + 2m + 2n. The next operation 
is comprised of partial differentiation of the assumed particular solution functions. The procedure for differentiation of these 
functions is based on Lebesgue integration theory that introduces boundary Fourier coefficients arising from discontinuities, 
known as complementary boundary constraints [54,55], of the particular solution functions at the edges x1 = 0, a, and x1 = 0, b. 
As has been noted by Chaudhuri [55], the boundary Fourier coefficients serve as complementary solution to the problem under 
investigation. The procedure imposes certain boundary constraints in the form of equalities and complementary boundary 
constraints in the form of inequalities, the details of which are available in Chaudhuri [54,55], and will not be further discussed 
here in the interest of brevity of presentation. The partial derivatives, which cannot be obtained by term-wise differentiation, 
are obtained as follows. The above function u1 and its first partial derivative, 1,1u  obtained by term-wise differentiation, are not 
satisfied at the edges, x1 = 0, a, thus violating the boundary constraints and complementary boundary constraints, respectively, 
at these edges. Therefore, u1 is forced to vanish at these edges (boundary constraints), while for further differentiation, 1,11u  
is expanded in double Fourier series, in the form suggested by Chaudhuri [54,55], in order to satisfy the complementary 
boundary constraint (inequality). The partial derivatives are then obtained as follows [55].

1,1 1 2
1 1

sin( ) si , n( )mn
m n

u U x xα α β
∞ ∞

= =

= −∑∑                             (12a) 

2
1,11 2 1 2

1 1 1

1 sin( ) cos( )sin( )
2 n mn m n m n

m m n
u c x U c d x xβ α γ ψ α β

∞ ∞ ∞

= = =

 = + − + + ∑ ∑∑                               (12b)

In a manner similar to 1 2,u u , is forced to vanish at the edges, 2 0x =  and b. The derivatives of 2u are given as follows:

2,2 1 2
1 1

sin( )s in( )mn
m n

u V x xβ α β
∞ ∞

= =

= −∑∑                                  (13a)
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2
2,22 1 1 2

1 1 1

1 sin( ) sin( ) cos( )
2 m mn n m n m

m m n
u a x V a b x xα β γ ψ α β

∞ ∞ ∞

= = =

 = + − + + ∑ ∑∑                            (13b)

in which

( ) ( )
( )

0,1 , ,
,

1,0 , ,n n

n odd
n even

γ ψ
 ==  =

                                (14)

and the boundary Fourier coefficients , ,m m na b c  and nd  are defined in Appendix D. The remaining partial derivatives 
can be obtained by term-wise differentiation. The above step generates additional 2m + 2n (unknown) boundary Fourier 
coefficients.

Introduction of the displacement functions and their appropriate derivatives into the governing partial differential equations 
will supply the following 5mn + 2m + 2n equations:

( ) ( )

( ) ( )
( ) ( )

2 2
11 66 1

2 3 2 2
1 2 2 3 4 9 2

1 1

2 11

cos( )sin( ) 0

mn mn

mn mn
m n

mn m n m n

A A U f V

x x a f a W a a X

f Y A c d

α β αβ

α β α αβ α β α

αβ γ ψ

∞ ∞

= =

 − − + −
  + − + + − − = 
 

+ − + +  

∑∑                           (15a)

( ) ( )
( ) ( )

( ) ( )

2 2
1 66 22

2 3
1 2 6 3 8 2

1 1
2 2

9 7 22

sin( ) cos( ) 0

mn mn

mn mn
m n

mn n m n m

f U A A V

x x a f a W f X

a a Y A a b

αβ α β

α β β α β β αβ

α β γ ψ

∞ ∞

= =

 − + − −
  + − + + − = 
 

+ − − − +  

∑∑                             (15b)

( ) ( )
( )
( ) ( )

( ) ( )

3 2 3 2
1 4 8 6 8 8

2 2 4 2 2 4
6 15 7 11 12 14

1 2 3 2 3 2
1 1 4 9 10 5 13 10

4 8

1 1

sin( )sin( )

s

mn mn

mn

m n mn mn

m n m n n m n m

mn
m n

a a f U a a f V

f f f f f f W
x x

f f f X f b f Y

a c d a a b

q

α α αβ β β α β

α β α α β β
α β

α α αβ β β α β

α γ ψ β γ ψ

∞ ∞

= =

∞ ∞

= =

 + + + + +
 
 + − + − − + − 
 

+ − + + + − + + 
 

− + − +  

= −

∑∑

∑∑ 1 2in( )sin( )x xα β

                             (15c)

( ) ( )

( ) ( )
( ) ( )

2 2
2 9 1

3 2 2 2
1 2 6 7 2 8 3 5

1 1

4 2

cos( )sin( ) 0

mn mn

mn mn
m n

mn m n m n

a a U e V

x x e e e W e e e X

e Y a c d

α β αβ

α β α αβ α α β

αβ γ ψ

∞ ∞

= =

 − − + −
  + − − + + − − = 
 

+ − + +  

∑∑                            (15d)

( ) ( )
( ) ( )

( ) ( )

2 2
1 9 7

2 3
1 2 12 7 10 4

1 1
2 2

5 11 9 7

sin( ) cos( ) 0

mn mn

mn mn
m n

mn n m n m

e U a a V

x x e e e W e X

e e e Y a a b

αβ α β

α β β α β β αβ

α β γ ψ

∞ ∞

= =

 − + − −
  + − − + − = 
 

+ − + − + +  

∑∑                             (15e)

2 266 11
2 0 9 0

1
sin( ) 0

2 2n n n
n

A Ax U a X cβ β β
∞

=

 − − + = 
 

∑                                                                             (16a)

2 266 22
1 0 9 0

1
sin( ) 0

2 2m m m
m

A Ax V a Y aα α α
∞

=

 − − + = 
 

∑                                                                                (16b)
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( )2 29 2
2 0 8 5 0

1
sin( ) 0

2 2n n n
n

a ax U e e X cβ β β
∞

=

 − + − + = 
 

∑                                                                                            (16c)

2 29 7
1 0 11 5 0

1
sin( ) ( ) 0

2 2m m m
m

a ax V e e Y aα α α
∞

=

 − + − + = 
 

∑                                (16d)

Satisfying the geometric boundary conditions given by Eqs. (9c, d), i.e., those pertaining to vanishing of 1u  and 2u  at the 
appropriate edges, and equating the coefficients of 1 2sin( ),cos( )x xα β  etc. yield the following algebraic equations:

For all values of 1,2,........n =

0
1,3,5,...... 2,4,6,.......

0,      0m mn n m mn
m m

U U Uψ γ
∞ ∞

= =

= + =∑ ∑                  (17a,b)

For all values of 1,2,........m =

0
1,3,5,...... 2,4,6,.......

0,      0n mn m n mn
n n

V V Vψ γ
∞ ∞

= =

= + =∑ ∑                              (17c,d)

The geometric boundary conditions, given by Eqs. (9a), relating to 3u  are satisfied as a priori at the edges, x1 = 0, a, and x2 
= 0, b. Similarly, the rotations φ1 and φ2 also satisfy the boundary conditions, given by Eqs. (9b) a priori. The natural boundary 
conditions relating to M1, M2, P1, and P2 and given by Eqs, (9e,f) are also satisfied as a priori. This step generates additional 2m 
+ 2n equations for the solution. Finally, the above operations result in, in total, 5mn + 4m + 4n linear equations in as many 
unknowns. In the interest of computational efficiency, Eqs. (15) are solved for , , , ,mn mn mn mn mnU V W X Y , and Eqs. (16) for 

0 0 0, ,n n mU X V  and 0mY , in terms of the unknown boundary Fourier coefficients , ,m m na b c  and nd , defined in Eqs. (D1a, b) 

below [89,96,100], in a manner outlined in Figure 2.

These Fourier coefficients are then substituted in natural boundary conditions, given by Eqs. (17), thus reducing the size 
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Figure 2: Flow chart for numerical solution [95,96].
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of the matrix to be inverted by orders of magnitude (from a system of 5mn + 4m + 4n to that of 2m + 2n equations in as many 
unknowns) depending on the cut-off values of m and n. Resulting equations are finally solved for boundary Fourier coefficients 

, ,m m na b c  and nd , using a MATLAB (version R2014b) code developed by the authors. When , ,m m na b c  and nd  vanish, the 
Navier type solution due to Reddy [19] is recovered.

Numerical Results and Discussions
In what follows, the numerical results are presented using the following material properties:

(a) Material type I: E1 = 175.78 GPA (25,000 Ksi); E1/E2 = 25; G12/E2 = G13/E2 = 0.5; G23/E2 = 0.2; ν12 = 0.25,

(b) Material type II: E1 = 105.47 GPA (15,000 Ksi); E1/E2 = 15; G12/E2 = G13/E2 = 0.4286; G23/E2 = 0.3429; ν12 = 0.40,

(c) Material type III: E1 = 175.78 GPA (25,000 Ksi); E1/E2 = 25; G12/E2 = G13/E2 = G23/E2 = 0.5; ν12 = 0.25,

Where Ei, i = 1, 2, denotes the surface-parallel Young's modulus in xi, i = 1, 2, coordinate direction. G12 and ν12 represent 
the surface-parallel shear modulus and major Poisson's ratio, respectively, on the x1-x2 surface, while G13 and G23 are 
transverse shear moduli in the x1-x3 and x2-x3 planes, respectively. It may be remarked that the shear moduli display nonlinear 
characteristics [109,116]. An expression for the nonlinear shear modulus, G12 (=G13) is derived, by Chaudhuri [116] based on the 
assumption of uniform distribution of micro-kinks and fiber misalignment defects. Fiber micro-kinking is caused by crystallite 
disorientations, as detected by the Raman [117] and X-Ray measurements, inside a carbon fiber. This said, this type of material 
nonlinearity can be ignored for small deflection analysis of polymer matrix composite (PMC) structural elements without much 
loss of accuracy (in the interest of analytical convenience). However, material nonlinearity must be accounted for analysis of 
metal matrix composite (MMC) structural elements, e.g., boron/aluminum tubes [118]. The following normalized quantities 
are defined:

3 3 3
* *2
3 3 1 14 2

0 0

10 10,    ,E hu u M M
q a q a

= =

in which 'a' is assumed equal to 812.8 mm (32 in.) q
0
 denotes the uniformly distributed transverse load. For all the numerical 

results presented in all figures except the Figure 12 the displacement u3, and moment M1, are computed at the center of the 
panel.

The convergence (with m = n) of normalized transverse displacement (deflection), u3
* and moment, M1

*, of a moderately 
thick (a/h = 10) antisymmetric cross-ply [0°/90°] square shell, computed using the present TSDT with the material type I for 
SS4 type boundary condition is displayed in Figure 3. Unlike its SS1 counterpart (see Figure 2 of Oktem and Chaudhuri [101], 
the convergence plot of the central moment, *

1M , exhibits an initially oscillatory behavior; the oscillations, however, die down 
very rapidly, rendering the convergence plot practically monotonic for m, n ≥ 10. The reason can be attributed to the additional 
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Figure 3: Convergence of normalized central deflection, *
3u and moment, *

1M , of a square moderately thick (a/h = 10) antisymmetric 
cross-ply [0/90] moderately deep (R/a = 10) spherical panel (SS4, Material I).
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Figure 4: Variation of normalized central deflection, *
3u , of antisymmetric [0/90], spherical panels, with a/h ratio for different R/a 

ratios (SS4, Material I).

Table 1: Comparison of normalized central deflections, *
3u , of antisymmetric [0/90] plates and spherical panels under uniform load for 

different a/h ratios.

Normalized central deflection, 
*
3u , of [0/90] panels under uniform load

a/h
R1 = R2

= ∞ (SS1)  
[100]

R1 = R2

= ∞ (SS3)
R1 = R2

= ∞ (SS4)
[100]

R1/a = R2/a = 10 
(SS1)
[101]

R1/a = R2/a = 10 
(SS3)

R1/a = R2/a = 10 
(SS4)

Comments

5 25.78966
25.791
(0.0052)*

25.410
(1.4721)*

25.62255
(0.6480)ǂ

25.594
(0.1114)*

(0.7624 )ǂ

23.237
(9.3104)*

(8.5601)ǂ

Some membrane action, 
insignificant restraint effect

10 19.17171 19.173
(0.0067)*

18.793
(1.9754)*

18.81966
(1.8363 )ǂ

18.744
(0.4020)*

(2.2326 )ǂ

14.881
(20.9284)*

(20.8299 )ǂ

Reasonably high membrane 
action,
insignificant restraint effect

20
17.50887 17.509

(0)*

17.138
(2.1182)*

16.44626
(6.0690 )ǂ

16.164
(1.7163)*

(7.6848)ǂ

8.836
(46.2735)*

(48.4629)ǂ

High membrane action, 
insignificant restraint effect

50
17.04309

17.043
(0)*

16.676
(2.1539)*

12.38411
(27.3365)ǂ

11.296
(8.7863)*

(33.7216)ǂ

2.446
(80.2489)*

(85.3421)ǂ

Very high membrane action, 
insignificant restraint effect

100 16.97656
16.977
(0)*

16.609
(2.1651)*

6.81361
(59.8646)ǂ

5.539
(18.707)*

(67.3743)ǂ

0.651
(90.4456)*

(96.0848)ǂ

Very high membrane action, 
insignificant restraint effect

* ( ) - 1%  Re int 100, 3,4
1

SSx SSDifference Edge stra x
SS

= =

ǂ ( )% 100, 1,3,4.x x

x

Shell PlateDifference Curvature x
Plate

−
= =
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discontinuities on the boundaries introduced by the SS4 boundary condition [100]. The convergence rate decreases when there 
are more discontinuities in the problem, which is a well-known fact in Fourier series analysis.

Effects of Edge restraints and curvature
Figure 4 shows that the spherical panels exhibit progressively stiffer response with the a/h ratio in the thinner shell regime. 

As can be seen from these curves, the membrane action (curvature effect) is more pronounced in the deeper [0°/90°] spherical 
panel regime (R/a < 40). These results are also presented in Table 1, wherein variations of normalized central deflections, *

3u
, of antisymmetric [0/90] moderately deep (R/a =10) spherical panels as well as their flat plate counterparts, with a/h ratio, 
ranging from very thick (a/h = 5) to very thin (a/h = 100), are compared for the SS4 boundary condition. Effect of membrane 
action, quantified in the form of % difference between spherical and flat panels vary from some membrane action for a/h = 5 
to very high membrane action for a/h = 100. 

Oktem and Chaudhuri [93-94,99-100], and Chaudhuri and Seide [111] have solved boundary-value problems relating to 
thick to thin cross-ply plates by employing the boundary-discontinuous double Fourier series analytical technique and the finite 
element method, respectively, while Chaudhuri and Kabir [72] have studied their moderately thick counterparts, and Whitney 
and Leissa [60] have investigated thin cross-ply plates. The present computed value of 18.793 for TSDT-based central *

3u  for 
the flat moderately thick (a/h = 10) SS4 panel presented in Table 1 is considerably higher than its FSDT-based SS2 counterpart, 
11.55, shown in Table 4 of Chaudhuri and Kabir [72], the difference being as large as 38.54%.

Chaudhuri and Kabir [80,115], and Seide and Chaudhuri [113] have investigated moderately thick and thick cross-ply shells 
using the boundary-discontinuous double Fourier series analytical technique and the finite element method, respectively. The 
present computed value of 14.881 for central *

3u  for a/h = 10 and R/a = 10 presented in Table 1 is also considerably higher 
than its FSDT counterpart, 10.11, shown in Table 2 of Chaudhuri and Kabir [115], the difference being as large as 32.06%. 
Furthermore, as illustrated in Table 1, the difference between spherical panel and plate normalized (central) deflections are 

Table 2: Comparison of normalized central moments, *
1M , of antisymmetric [0/90] plates and spherical panels under uniform load for 

different a/h ratios.

Normalized central moment, *
1M , of [0/90] panels under uniform load

a/h

R1 = R2 

= ∞ (SS1)  [100]

R1 = R2 

= ∞ (SS3)

R1 = R2 

= ∞ (SS4)

[100]

R1/a = R2/a  = 10 
(SS1)

[101]

R1/a = R2/a = 
10 (SS3)

R1/a = R2/a = 10 
(SS4) Comments

5 62.78491 62.827

(0.0670)*

132.299

(110.718)*

63.56002

(1.2345)ǂ

63.931

(0.5837)*

(1.7569 )ǂ

143.630

(125.9754)*

(8.5224)ǂ

Restraint effect

counters membrane 
action

10 62.81691 62.844

(0.0431) *

136.066

(116.607) *

64.207843

(2.2142 )ǂ

64.711

(0.7836) *

(2.9722)ǂ

136.373

(112.3931)*

(0.1742 )ǂ

Restraint effect

overcompensates 
membrane action

20 62.93736 62.951

(0.0217)*

137.130

(117.883)*

63.91770

(1.5576 )ǂ

64.257

(0.5308)*

(2.0757 )ǂ

105.117

(64.4568)*

(23.4045 )ǂ

Restraint effect

significantly trumps 
membrane action

50 62.98998 62.998

(0.0127)*

137.451

(118.211)*

53.58208

(14.9355)ǂ

52.081

(2.8015)*

(17.3286) ǂ

45.353

(15.3579)*

(67.0407 ) ǂ

Restraint effect very 
strongly trumps 
membrane action

100 62.99851 63.006

(0.0119)*

137.498

(118.256)*

31.15481

(50.5467)ǂ

29.524

(5.2345)*

(53.1405)ǂ

19.719

(36.7064)*

(85.6758)ǂ

Restraint effect strongly 
trumps membrane 
action

* ( ) 1% Re int 100, 3,4;
1

SSx SSDifference Edge stra x
SS
−

= =

ǂ ( )% 100, 1,3,4.x x

x

Shell PlateDifference Curvature x
Plate

−
= =
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Table 3: Comparison of normalized central deflections, *
3u , of symmetric [0/90/0] plates and spherical panels under uniform load for 

different a/h ratios.

Normalized central moment, *
3u , of [0/90/0] panels under uniform load

a/h

R1 = R2 

= ∞ (SS1)  
[100]

R1 = R2 

= ∞ (SS3)

R1 = R2 

= ∞ (SS4)

[100]

R1/a = R2/a

 = 10 (SS1)

[101]

R1/a = R2/a

 = 10 (SS3)

R1/a = R2/a

 = 10 (SS4) Comments

5 21.86693 21.867

(0)*

21.867

(0) *

21.75385

(0.5171) ǂ
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effect
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(0) *

7.759
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(0) *

5.92920

(13.2911 )ǂ
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Figure 5: Variation of normalized central moment, *
1M , with a/h ratio for antisymmetric [0/90], spherical panel for different R/a 

ratios (SS4, Material I).
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8.56%, 20.83%, 48.46%, 85.34% and 96.09%, for a/h = 5, 10, 20, 50 and 100, respectively. These results suggest that while the 
inter-laminar shear deformation or thickness-shear effect is dominant in the thick shell regime (a/h ≤ 10), the curvature effect 
(membrane action) dominates in its thinner counterpart.

Figure 5 exhibits variation, of normalized central moment, *
1M , of antisymmetric [0° /90°] spherical panel, with a/h, ranging 

from thin (a/h = 50) to very thick (a/h = 5), for moderately deep (R/a = 10) and very shallow (R/a = 50) spherical as well as flat 
panels. As shown in Figure 5, central moment, *

1M , of [0°/90°] spherical panel first increases with a/h in the thick shell regime, 
and then drops fairly rapidly in the thinner one. The present computed value of 136.373 for central moment, *

1M , for a/h = 10 
and R/a = 10 presented in Table 2 is substantially higher than its FSDT counterpart, 77.53, shown in Table 2 of Chaudhuri and 
Kabir [115], the difference being a whopping 43.15%. Furthermore, as illustrated in Table 2, the difference between spherical 
panel and plate (central) moments for SS4 boundary condition are 8.52%, 0.17 %, 23.41%, 67.04% and 85.68% for a/h = 5, 10, 
20, 50 and 100, respectively. These results suggest that while the inter-laminar shear deformation effect is dominant in the 
thicker shell regime (a/h ≤ 20), the curvature effect (membrane action) progressively dominates in its thinner counterpart.

Figure 6 compares the variations of normalized central deflection, *
3u , and central moment, *

1M , between symmetric 
and antisymmetric moderately deep (R/a = 10) spherical panels, with respect to a/h ratio. It is important to note that the 
normalized central moment, *

1M , is greatly influenced by the a/h ratio. Figure 7 exhibits variation of *
1M  of the symmetric 

[0/90/0] spherical panel with a/h, ranging from thin (a/h = 50) to very thick (a/h = 5), for moderately deep (R/a = 10) and very 
shallow (R/a = 50) spherical as well as flat panels. The central *

3u  and *
1M  curves for the [0/90/0] spherical panel closely 

resemble their FSDT-based moderately thick counterparts, shown in Figure 7 of Chaudhuri and Kabir [115]. The present 
computed value of 9.388 (respectively, 106.108) for central *

3u  (respectively, *
1M ) for a spherical panel (a/h = 10 and R/a = 

10) with SS4 boundary constraint, presented in Table 3 (respectively, Table 4), is in reasonably close agreement with its FSDT 
counterpart, 9.17 (respectively, 106.79), shown in Table 3 of Chaudhuri and Kabir [115], the difference being 2.32% (resp. 
-0.64%). Furthermore, as illustrated in Table 3 (respectively, Table 4), the difference between spherical panel and plate (central) 

Table 4: Comparison of normalized central moments, *
1M , of symmetric [0/90/0] plates and spherical panels under uniform load for 

different a/h ratios.

Normalized Central Moment, *
1M , of [0/90/0] Panels under Uniform Load

a/h

R1 = R2 

= ∞ (SS1)  
[100]

R1 = R2 

= ∞ (SS3)

R1 = R2 

= ∞ (SS4)

[100]

R1/a = R2/a  = 10 
(SS1)

[101]

R1/a = R2/a = 10 
(SS3)

R1/a = R2/a 

= 10 (SS4) Comments

5 108.14906 108.149
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100.127
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action; no restraint 
effect

10 122.98436 122.984

(0) *
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(3.8005 )ǂ
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(31.2515 )ǂ
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50 129.57057 129.570

(0) *
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(0 *

111.13425

(14.2287 )ǂ

106.275

(4.3724) *

( 17.9789)ǂ

35.956

(67.6463) *

(72.2679 )ǂ

Very high membrane 
action; no restraint 
effect

100 129.77706 129.777

(0) *

129.777

(0) *

77.94251

(39.9412) ǂ

68.943

(11.5463)*

( 46.8757) ǂ

10.920

(85.9897)*

(91.5924 ) ǂ

Very high membrane 
action; no restraint 
effect
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Figure 6: Variation of normalized central deflection, *
3u  , and central moment, *

1M , of antisymmetric [0/90], and symmetric [0/90/0] 
moderately deep (R/a = 10) spherical panels with a/h ratio (SS4, Material I).
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Figure 7: Variation of normalized central moment, *
1M , with a/h ratio for symmetric [0/90/0], spherical panel for different R/a ratios 

(SS4, Material I).

deflections (respectively, moments) are 7.51% (respectively, 7.42%), 13.88% (respectively, 13.73%), 31.59% (respectively, 
31.25%), 73.05% (respectively, 72.27%) and 92.58% (respectively, 91.59%) for a/h = 5, 10, 20, 50 and 100, respectively.

Figure 8 compares the normalized central deflections, *
3u , and central moments, *

1M  , of antisymmetric [0/90] moderately 
deep (R/a = 10) spherical panels with SS4 boundary condition possessing two different material properties. As expected, stiffer 
material (M1) decreases the normalized central deflection and increases the normalized central moment.

Figure 9 exhibits variation of *
3u  of [0/90] spherical panel, with R/a ratio. As can be seen from these graphs, the membrane 

action (curvature effect) is more pronounced in the deeper [0/90] spherical panel regime (R/a < 40), also progressively 
increasing with the a/h ratio. Figure 10 shows the variations of central deflection, *

3u , and moment, *
1M , of both symmetric 

and antisymmetric relatively thick (a/h =10) spherical panels with respect to R/a ratio. These plots show that the characteristic of 
the deflection pattern of an anti-symmetric [0/90] curved panel is different from its symmetric [0/90/0] counterpart. Curvature 
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Figure 8: Variation of normalized central deflection, *
3u , and central moment, *

1M , of antisymmetric [0/90] moderately deep (R/a = 
10) spherical panel for two different material properties (SS4).
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Figure 9: Variation of normalized central deflection, *
3u , with R/a ratio for antisymmetric [0/90], spherical panel for different a/h ratios 

(SS4, Material I).

effect (membrane action) is also responsible for the decreased normalized response in both symmetric and antisymmetric type 
spherical panels for R/a ≤ 20. This notwithstanding, these results provide a clear indication of the tie-bar effects, arising out of 
bending-stretching coupling, which has a complex interaction with the membrane action, caused by the curvature effect, in 
the presence of surface-parallel edge restraint (SS4 boundary condition). It is interesting to point out here that there are two 
types of bending-stretching coupling in the TSDT: (i) Third-order bending-stretching, which arises out of non-vanishing Eij’s, 
that can only be captured by the TSDT, and (ii) First-order bending-stretching coupling, caused by non-vanishing Bij’s, which is 
generally covered by all laminated shell theories. The latter type has been investigated in-depth in the context of axi-symmetric 
deformation of thin [119-123] as well as moderately thick [124-126] variously laminated cylindrical shells, in addition to static 
and dynamic tests on flat laminates [62,106,127]. It is further noteworthy in this context that the bending-stretching coupling 
may either cause surface-parallel compression (“beam-column” effect) or surface-parallel stretching (called “tie-bar” effect) 
in a panel subjected to bending. The former has a softening effect while the latter has a stiffening or hardening effect on the 
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Figure 10: Variation of normalized central deflection, *
3u , and central moment, *

1M  with R/a ratio for antisymmetric [0/90], and 
symmetric [0/90/0] for moderately thick spherical panel (SS4, Material I).
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Figure 11: Variation of normalized central moment, *
1M , with R/a ratio for antisymmetric [0/90], spherical panel for different a/h ratios 

(SS4, Material I).

laminated panel response [123]. It also is important to note that for the normalized central moment, *
1M , the influence of 

curvature becomes progressively less dominant for R/a > 20. Figure 11 depicts the variation of *
1M  of [0°/90°] spherical panel, 

with R/a ratio, for three different a/h ratios. For the two thinner panels, this threshold shifts upward, i.e., R/a ≥ 38 and 60 for 
a/h = 30 and 50, respectively. 

Variations of * * *
1 3 1, ,u u ϕ  and *

1M  computed at 2 / 2x b=  and along 1 0x =  to a, are shown in Figure 12. Transverse 

displacement, *
3u , and central moment, *

1M , reach their maximum magnitudes at the center of the panel, where surface-
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parallel displacement, *
1u , and rotation, *

1ϕ , vanish. *
1u  reaches its maximum magnitude at 1 / 4x L=  and 3L/4 4/31 Lx =, while the 

rotation, *
1ϕ , reaches its maximum value at 1 0x =  and 1x L= . As dictated by the boundary conditions, surface-parallel 

displacement, *
1u , vanishes at the boundaries.

Comparison between SS1 and SS4 Boundary Conditions
Figure 13 and Figure 14 present variations of the relative difference, in central deflections, *

3u , with a/h ratio for symmetric 
([0/90/0] and [0/90]s) and antisymmetric [0°/90°] and for two different material properties, between SS1 and SS4 boundary 
conditions. For the calculation of relative difference (% difference) between the two boundary conditions, the following formula 
is used: 
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Figure 12: Variation of displacements, rotation, and moment along the panel center line, 2 / 2x b= , for antisymmetric [0/90] thick 
(a/h=5) spherical panel (SS4, Material I).
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Figure 13: Variation of relative difference for normalized central deflection, *
3u , with a/h ratio for antisymmetric [0/90], and symmetric 

[0/90/0] as well as [0/90]s spherical panels (Material I).
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Figure 14: Variation of relative difference for normalized central deflection, *
3u  with a/h ratio for antisymmetric [0/90], and 

symmetric [0/90/0] as well as [0/90]s spherical panels (Material II).
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Figure 15: Variation of relative difference for normalized central deflection, *
3u , with a/h ratio for antisymmetric [0/90], and symmetric 

[0/90/0] spherical (R/a = 10) and flat panels (Material I).
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The relative difference in central deflections, *
3u , between the two boundary conditions tends to increase with the increasing 

values of a/h (thinner structures). This difference is, however, somewhat less pronounced in case of symmetric laminations 
than their asymmetric counterpart.

Variations of the relative difference in central deflections, *
3u , with a/h and R/a ratios, respectively, for symmetric ([0/90/0]) 

and antisymmetric [0/90] spherical panel are shown in Figure 15 and Figure 16. For comparison, antisymmetric [0/90] plate 
results have also been regenerated [100]. As shown in both the plots, membrane (curvature) action exerts an important effect 
on the surface-parallel boundary constraints particularly for R/a < 20. This effect diminishes with the increase of R/a, as shown 
in Figure 16 (flat panel case). These results are also presented in Table 5, wherein variations of normalized central deflections, 

*
3u , of antisymmetric [0/90] moderately deep (R/a = 10) spherical panels as well as their flat plate counterparts, with a/h ratio, 
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ranging from very thick (a/h = 5) to very thin (a/h = 100), are compared for three different surface-parallel edge constraints: 
SS1, SS3 and SS4. Effect of membrane action, quantified in the form of % difference between spherical and flat panels vary 
from some membrane action for a/h = 5 to very high membrane action for a/h = 100. Effect of surface-parallel edge restraint 
is seen to be insignificant in the entire range of a/h ratios. It may be pointed out in this context, that “FSDT-based convergence 
plots of an antisymmetric cross-ply spherical panel, with the SS2 boundary condition…, are numerically too close to their SS4 
counterparts…. This is because both the conditions prescribe un = 0 (instead of Nn = 0) at a boundary - a choice that appears 
to have a major influence on the response of antisymmetric cross-ply panels under uniform loads. Likewise, the convergence 
characteristics of the response quantities for antisymmetric cross-ply panels, with SS1 and SS3 boundary conditions…, where 
Nn = 0, instead of un = 0, is prescribed at a boundary, are numerically very close” [80,115].

Figure 17 and Figure 18 show the relative difference in central moment, *
1M , of both symmetric and antisymmetric 

moderately deep (R/a = 10) spherical panels with respect to a/h and R/a ratios, respectively. The aforementioned curvature 
effect is also clearly visible in Figure 18. It is noteworthy that the membrane action due to the effect of curvature has a complex 

Table 5: Comparison of Normalized Central Deflections, *
3u , of Symmetric [0/90/0] Plates for Different a/h Ratios, computed using three 

shear deformation theories and the CLT.

Normalized Central Deflection, *
3u , of [0/90/0] Plates under Uniform Load

Boundary 
Condition

a/h LCST (Zig-Zag)

FEA [111]

TSDT

[93-100]

FSDT

[72,111]

CLT

[60,72,111]

Degree of Shear Flexibility‡ (Zig-
Zag vs. TSDT)

 SS1 [100,72] 4 22.228 20.226 6.705 Zig-Zag theory yields much 
greater shear-flexibility than 
TSDT (344.295% vs. 231.514%)SS3 [111] 4 29.79 22.228 20.226 6.705

SS4 [100,72] 4 22.228 20.226 6.705

SS2/SS3 [93] 4 22.228 20.226 6.705

C4/SS3 [94] 4 15.581 1.408

C3 [99,72] 4 12.346 1.100

SS1 [100,72] 10 9.468 9.061 6.705 Zig-Zag theory yields significantly 
greater shear-flexibility than 
TSDT (69.128% vs. 41.208%)SS3 [111] 10 11.34 9.468 9.08 6.705

SS4 [100,72] 10 9.468 9.061 6.705

SS2/SS3 [93] 10 9.468 9.061 6.705

C4/SS3 [94] 10 4.333 1.408

C3 [99,72] 10 3.504 1.100

SS1 [100,72] 20 7.379 7.272 6.705 Zig-Zag theory yields somewhat 
greater shear-flexibility than 
TSDT (17.823% vs. 10.052%)SS3 [111] 20 7.90 7.379 7.29 6.705

SS4 [100,72] 20 7.379 7.272 6.705

SS2/SS3 [93] 20 7.379 7.272 6.705

C4/SS3 [94] 20 2.163 1.408

C3 [99,72] 20 1.752 1.100

SS1 [100,72] 100 6.689 6.685 6.705 Computed TSDT, FSDT and CLT 
values are very close

SS3 [111] 100 6.689 6.685 6.705

SS4 [100,72] 100 6.689 6.685 6.705

SS2/SS3 [93] 100 6.689 6.685 6.705

C4/SS3 [94] 100 1.408 1.408

C3 [99,72] 100 1.100 1.100

‡ %    100,   SDTx CLTDegree of Shear Flexibility x Zig Zag or HSDT
CLT

−
= = −
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Figure 16: Variation of relative difference for normalized central deflection, *
3u , with R/a ratio for antisymmetric [0/90], and symmetric 

[0/90/0] moderately thick (a/h = 10) spherical panels (Material I).
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Figure 17: Variation of relative difference for normalized central moment, *
1M , with a/h ratio for antisymmetric [0/90], and symmetric 

[0/90/0] spherical (R/a = 10) and flat panels (Material I).

interaction with the bending-stretching type coupling effect, caused by the asymmetry of lamination. This interaction is stronger 
in the case of surface-parallel displacement boundary constraint, i.e., 0nu =  prescribed at an edge nx  = constant (e.g., SS4) as 
compared to its absence, i.e., 0nN =  (e.g., SS1), which is an illustration of the beam-column effect. For example, the bending-
stretching type coupling has a highly pronounced interaction with the type of surface-parallel boundary constraint, imposed by 
e.g., SS4 as compared to SS1 type simply supported boundary conditions, prescribed at all four edges.

Comparisons of results, computed using three leading shear deformation theories, and the classical 
lamination theory

Table 5 and Table 6 depict comparisons of normalized central deflections, *
3u , and moments, *

1M , respectively, of symmetric 
[0/90/0] plates under uniform load for different a/h ratios, computed using three leading shear deformation theories, namely 
the LCST or Zig-zag theory, TSDT, and FSDT, and the classical lamination theory. Degree of shear flexibility is defined as follows:
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%    100,   SDTx CLTDegree of Shear Flexibility x Zig Zag or HSDT
CLT

−
= = −

Table 5 shows that the LCST or zig-zag theory yields much greater shear-flexibility than the TSDT in terms of the computed 
normalized central deflection, *

3u  (344.295% vs. 231.514%) for a very thick [0/90/0] plate (a/h = 4). The difference in the degree 
of shear flexibility decreases with the increase of a/h ratio. Table 6 shows that the LCST or zig-zag theory yields somewhat 
greater shear-flexibility than the TSDT in terms of the computed normalized central moment, *

1M  (-22.119% vs. -16.32%). 
Again, the difference in the degree of shear flexibility diminishes with the increase of a/h ratio. Computed zig-zag theory and 
TSDT (0.149% vs. -0.839%) results are very close for a/h = 20.

Table 7 and Table 8 depict comparisons of normalized central deflections, *
3u , and moments, *

1M , respectively, of 
symmetric [0°/90°/0°] deep cylindrical panels (R/a = 3) under uniform load for different a/h ratios, computed using three 
leading shear deformation theories (SDT). Since very thin shells are, unlike their plate counterparts, predominantly deformed 
by the membrane action due to the curvature effect, which has a hardening or stiffening effect, the CLT is not very useful in 
serving as a baseline for comparison of shear deformation theories. Relative degree of shear flexibility is, therefore, defined 
as follows:

% Re     100,   SDTx FSDTlative Degree of Shear Flexibility x Zig Zag or HSDT
FSDT

−
= = −

Table 7 shows that the LCST or zig-zag theory yields much greater shear-flexibility than the TSDT in terms of the computed 
normalized central deflection, *

3u  (46.079% vs. 9.767%) for a very thick [0°/90°/0°] cylindrical panel (a/h = 4). The difference 
in the relative degree of shear flexibility progressively diminishes with the increase of a/h ratio. Table 8 shows that the LCST or 
zig-zag theory yields somewhat greater shear-flexibility than the TSDT in terms of the computed normalized central moment, 

*
1M  (-8.494% vs. -1.169%). Again, the difference in the relative degree of shear flexibility progressively diminishes with the 

increase of a/h ratio.

Table 9 and Table 10 portray comparisons of normalized central deflections, *
3u , and moments, *

1M , respectively, of 
symmetric [0°/90°/0°] deep spherical panels (R/a = 3) under uniform load for different a/h ratios, computed using three leading 
shear deformation theories. Relative degree of shear flexibility is defined as follows:

% Re    100,   SDTx FSDTlative Degree of Shear Flexibility x Zig Zag or HSDT
FSDT

−
= = −

Table 9 shows that the LCST or zig-zag theory yields much greater shear-flexibility than the TSDT in terms of the computed 
normalized central deflection, *

3u  (51.523% vs. 9.412%) for a very thick [0/90/0] spherical panel (a/h = 4). The difference in 
the relative degree of shear flexibility progressively diminishes with the increase of a/h ratio. Table 10 shows that the LCST or 
zig-zag theory yields somewhat greater shear-flexibility than the TSDT in terms of the computed normalized central moment, 
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Figure 18: Variation of relative difference for normalized central moment, *
1M , with R/a ratio for antisymmetric [0/90], and symmetric 

[0/90/0] moderately thick (a/h = 10) spherical panels (Material I).
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Table 6: Comparison of normalized central deflections, *
1M , of symmetric [0/90/0] plates for different a/h ratios, computed using three 

shear deformation theories and the CLT.

Normalized Moment, *
1M , of [0/90/0] Plates under Uniform Load

Boundary Condition a/h LCST (Zig-Zag)

FEA [111]

TSDT

[93-94,99-100]

FSDT

[72,111]

CLT

[60,72,111]

Degree of Shear Flexibility‡ 
(Zig-Zag vs. TSDT)

 SS1 [72,100] 4 108.598 109.748 Zig-Zag theory yields 
somewhat greater shear-
flexibility than TSDT 

(-22.119% vs. -16.32%)

SS3 [111] 4 101.072 101.072 108.598 109.748

SS4 [72,100] 4 108.598 109.748

SS2/SS3 [93] 4 108.598 109.748

C4/SS3 [94] 4 41.413

C3 [72,99] 4 32.162

SS1 [72,100] 10 125.278 125.992 Zig-Zag theory yields slightly 
greater shear-flexibility than 
TSDT 

(-4.652% vs. -3.467%)

SS3 [111] 10 123.74 123.74 125.278 126.0

SS4 [72,100] 10 125.278 125.993

SS2/SS3 [93] 10 125.278 125.993

C4/SS3 [94] 10 45.844

C3 [72,99] 10 36.828

SS1 [72,77] 20 128.688 128.897 Computed Zig-Zag theory and 
TSDT (0.149% vs. 

-0.839%) results are very close
SS3 [111] 20 129.97 129.97 128.688 128.91

SS4 [72,77] 20 128.688 128.898

SS2/SS3 [93] 20 128.688 128.898

C4/SS3 [94] 20 45.744

C3 [72,99] 20 39.119

SS1 [72,77] 100 129.800 129.808 Computed TSDT, FSDT and CLT 
values are indistinguishably 
close

SS3 [111] 100 129.800 129.808

SS4 [72,77] 100 129.800 129.808

SS2/SS3 [93] 100 129.800 129.808

C4/SS3 [94] 100 44.980

C3 [72,99] 100 39.834

‡ %    100,   SDTx CLTDegree of Shear Flexibility x Zig Zag or HSDT
CLT

−
= = −

*
1M  (-8.451% vs. -1.497%). Again, the difference in the relative degree of shear flexibility progressively diminishes with the 

increase of a/h ratio.

Comments on the reliability of the finite element methods (FEM)
Finally, reliability of the finite element method, based on the assumed displacement potential energy approach, in the 

neighborhood of stress discontinuities and stress singularities has been discussed by Whitcomb, et al. [128] (at the free 
edge in a laminated composite), and Chaudhuri and co-workers [129-137] (at the circumferential corner line of an internal 
circular cylindrical hole). Whitcomb, et al. [128] have concluded that "the finite element method yielded accurate solutions 
everywhere except in a region involving the elements closest to the stress discontinuity or singularity and that this region can 
be made arbitrarily small by refining the finite element model". Chaudhuri [129-133] has probed into the issue much deeper. 
His conclusion re-affirms, to a rather milder degree, the conclusion reached in the case of its laminate counterpart [133-137] in 
regards to the accuracy (or lack thereof) of the stresses (more accurately, the stress gradients) computed using the conventional 
(assumed displacement potential energy based) finite element analysis and computed FEM-based post-processing analysis 
results for transverse shear stresses in the vicinity of a stress singularity, such as the circumferential corner line of an internal 
circular/elliptical cylindrical hole.
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Table 7: Comparison of Normalized Central Deflections, *
3u , of [0/90/0] Cylindrical (R1 = ∞, R2/a = 3) Panels for Different a/h Ratios, Computed 

Using Three Shear Deformation Theories.

Normalized Central Deflection, *
3u , of [0/90/0] Cylindrical Panels (R1 = ∞, R2/a = 3) under Uniform Load

Boundary Condition a/h LCST

(Zig-Zag)

FEA [113]

TSDT

[95,96,101,102]

FSDT

[115]

Relative Degree of Shear 
Flexibility‡ (Zig-Zag vs. TSDT)

SS1 [101,115] 4 22.024 20.058 Zig-Zag theory yields much 
greater shear-flexibility than TSDT 
(46.079% vs. 9.767%)

SS3 [113,115] 4 29.21 21.949 19.996

SS4 [115] 4 18.530 17.155

SS2/SS3 [95] 4 21.941 19.991

C4/SS3 [96] 4 15.427

C3 [102,115] 4 12.245

SS1 [101,115] 10 9.248 8.861 Zig-Zag theory yields significantly 
greater shear-flexibility than TSDT 
(23.32% vs. 4.316%)

SS3 [113,115] 10 10.83 9.161 8.782

SS4 [115] 10 6.166 6.001

SS2/SS3 [95] 10 9.153 8.774

C4/SS3 [96] 10 4.258

C3 [102,115] 10 3.452

‡ % Re    100,   SDTx FSDTlative Degree of ShearFlexibility x Zig Zag or HSDT
FSDT

−
= = −

Table 8: Comparison of Normalized Central Moments, *
1M  , of [0/90/0] Cylindrical (R1 = ∞, R2/a = 3) Panels under Uniform Load for Different 

a/h Ratios, Computed Using Three Shear Deformation Theories

Normalized Central Moment, *
1M , of [0/90/0] Cylindrical Panels (R1 = ∞, R2/a = 3) under Uniform Load

Boundary Condition a/h LCST

(Zig-Zag)

FEA [113]

TSDT

[95,96,101,102]

FSDT

[115]

Relative Degree of Shear 
Flexibility‡(Zig-Zag vs. TSDT)

SS1 [101,115] 4 107.576 108.817 Zig-Zag theory yields somewhat 
greater shear-flexibility than 
TSDT 

(-8.494% vs. -1.169%)

SS3 [113,115] 4 99.29 107.239 108.507

SS4 [115] 4 90.967 93.390

SS2/SS3 [95] 4 107.202 108.473

C4/SS3 [96] 4 40.967

C3 [102,115] 4 31.867

SS1 [101,115] 10 122.196 123.030 Zig-Zag theory yields slightly 
greater shear-flexibility than 
TSDT 

(-3.218% vs. -0.715%)

SS3 [113,115] 10 118.13 121.185 122.058

SS4 [115] 10 82.772 84.606

SS2/SS3 [95] 10 121.078 121.956

C4/SS3 [96] 10 44.975

C3 [102,115] 10 36.203

‡
% Re     100,   SDTx FSDTlative Degree of Shear Flexibility x Zig Zag or HSDT

FSDT
−

= = −
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Table 9: Comparison of normalized central deflections, *
3u , of [0/90/0] spherical (r1/a = r2/a = 3) panels under uniform load for different a/h 

ratios, computed using three shear deformation theories.

Normalized Central Deflection, *
3u , of [0/90/0] Spherical Panels (R1/a = R2/a = 3) under Uniform Load

Boundary Condition a/h LCST

(Zig-Zag)

FEA [113]

TSDT

[95,96,101,102]

FSDT

[115]

Relative Degree of Shear Flexibility‡ 
(Zig-Zag vs. TSDT)

SS1 [101,115] 4 21.424 19.554 Zig-Zag theory yields much greater 
shear-flexibility than TSDT (51.523% vs. 
9.412%)

SS3 [113,115] 4 29.30 21.157 19.337

SS4 [115] 4 13.898 13.131

SS2/SS3 [95] 4 15.845 14.817

C4/SS3 [96] 4 12.312

C3 [102,115] 4 11.990

SS1 [101,115] 10 8.632 8.294 Zig-Zag theory yields significantly 
greater shear-flexibility than TSDT 
(25.653% vs. 3.915%)

SS3 [113,115] 10 10.11 8.361 8.046

SS4 [115] 10 3.611 3.564

SS2/SS3 [95] 10 4.571 4.486

C4/SS3 [96] 10 2.921

C3 [102,115] 10 3.326

‡ % Re     100,   SDTx FSDTlative Degree of Shear Flexibility x Zig Zag or HSDT
FSDT

−
= = −

Table 10: Comparison of normalized central moments, *
1M , of [0/90/0] spherical (r1/a = r2/a = 3) panels under uniform load for different a/h 

ratios, computed using three shear deformation theories

Normalized Central Moment, *
1M , of [0/90/0] Spherical Panels (R1/a = R2/a = 3) under Uniform Load

Boundary Condition a/h LCST

(Zig-Zag)

FEA [113]

TSDT

[95,96,101,102]

FSDT

[115]

Relative Degree of Shear Flexibility‡ 
(Zig-Zag vs. TSDT)

SS1 [101,115] 4 104.570 106.034 Zig-Zag theory yields somewhat 
greater shear-flexibility than TSDT 

(-8.451% vs. -1.497%)
SS3 [113,115] 4 96.04 103.335 104.905

SS4 [115] 4 68.380 71.606

SS2/SS3 [95] 4 77.602 80.555

C4/SS3 [96] 4 32.718

C3 [102,115] 4 31.176

SS1 [101,115] 10 113.701 114.807 Zig-Zag theory yields slightly greater 
shear-flexibility than TSDT 

(-4.559% vs. -1.103%)
SS3 [113,115] 10 106.54 110.398 111.629

SS4 [115] 10 48.564 50.331

SS2/SS3 [95] 10 60.585 62.455

C4/SS3 [96] 10 30.871

C3 [102,115] 10 34.823

‡ % Re     100,   SDTx FSDTlative Degree of Shear Flexibility x Zig Zag or HSDT
FSDT

−
= = −



Citation: Reaz CA, Sinan OA (2022) Effects of Surface-Parallel Edge Restraints and Inter-laminar Shear on the Responses of Doubly Curved 
General Cross-Ply Panels. J Aerosp Eng Mech 6(1):524-554

Reaz et al. J Aerosp Eng Mech 2022, 6(1):524-554 Open Access |  Page 549 |

In conclusion, numerical solutions, based on finite elements methods (FEM), finite difference, boundary elements methods 
(BEM) and so on, have been presented by numerous authors. However, their resolution is not fine enough to yield definitive 
results at a line of discontinuity. Only the boundary-discontinuous Fourier analysis of the present type can reproduce precisely 
the discontinuities in displacement functions and/or their partial derivatives at the edges.

Conclusions
The key conclusions that emerge from the present numerical results can be summarized as follows:

i. The central deflection shows a rapid and monotonic convergence, while the central moment shows an initially oscillatory 
convergence. The latter is possibly due to the presence of a discontinuity (complementary boundary constraint) in the 
derivative of the displacement in expression of the moment. In addition, because of the same reason, the computed 
solutions for SS4 boundary conditions converge less rapidly than their SS1 counterpart.

ii. The length-to-thickness ratio, /a h , has a significant effect on the computed results in the moderately thick to thick 
panel regime (a/h < 20). This is due to the effect of transverse (interlaminar) shear deformation.

iii. The radius-to-length ratio /R a  has a pronounced effect on the response of curved cross-ply panels. This effect is 
progressively more pronounced in the deeper shell regime ( / 40)R a <  for a given a/h.

iv. The effect of the transverse shear deformation is compensated to a certain extent by the bending-stretching coupling 
effect - a characteristic of antisymmetric laminates.

v. The difference (normalized) in central deflection between the SS1 and SS4 boundary conditions increases with the 
increasing values of a/h (thinner structures). This difference is, however, somewhat less pronounced in case of symmetric 
laminates than their asymmetric counterpart.

vi. The membrane action due to the effect of curvature has a complex interaction with the bending-stretching type coupling 
effect, caused by the asymmetry of lamination. This interaction is stronger in the case of surface-parallel displacement 
boundary constraint, i.e., 0nu =  prescribed at an edge nx  = constant (e.g., SS4) as compared to its absence, i.e., 

0nN =  (e.g., SS1). This is an illustration of the beam-column/tie-bar effect. For example, the bending-stretching type 
coupling has a highly pronounced interaction with the type of surface-parallel boundary constraint, imposed by e.g., SS4 
as compared to SS1 type simply supported boundary conditions, prescribed at all four edges.

vii. The layer-wise constant shear-angle theory or zig-zag theory yields much greater shear-flexibility than the TSDT in terms 
of the computed normalized central deflection, *

3u  (51.523% vs. 9.412%) for a very thick [0/90/0] spherical panel (a/h 
= 4). The difference in the relative degree of shear flexibility progressively diminishes with the increase of a/h ratio. 
Responses of cylindrical panels are similar.

viii. The layer-wise constant shear-angle theory or zig-zag theory yields somewhat greater shear-flexibility than the third 
order shear deformation theory in terms of the computed normalized central moment, *

1M  (-8.451% vs. -1.497%) for a 
very thick [0/90/0] spherical panel (a/h = 4). Again, the difference in the relative degree of shear flexibility progressively 
diminishes with the increase of a/h ratio. Cylindrical panels behave in similar manners.

Suggestion for Future Research
First, although the present double Fourier series solutions are confined to general cross-ply thick hyperbolic-paraboloidal 

panels subjected to SS4 type simply supported boundary condition, the present methodology is general enough to be able 
to solve arbitrarily laminated doubly curved panels subjected to any combination of admissible boundary conditions. These 
problems need to be solved in the near future to provide bench-mark analytical solutions for a variety of numerical solutions 
including those computing using the FEM.

Second, a boundary-value formulation based on trigonometric shear deformation theory [90] for laminated anisotropic 
doubly curved panels of various ply-orientations, subjected to arbitrary boundary constraints, can also solved using the present 
approach. Third and more important, the present and future TSDT-based results for laminated anisotropic doubly curved 
panels can be compared with their counterparts computed using the zig-zag theory (or layer-wise constant shear angle theory 
(LCST))-based FEM [30,110-114,129-137].

Fourth, computation of the normalized central deflections by employing both commercial FEA codes (e.g., ABAQUS and 
ANSYS) and the current MATLAB code based on the boundary continuous double Fourier series, for all parameters, and 
demonstrating the main differences thus obtained, is an important topic for further research.

Fifth, experimental results are needed to validate the present as well as other higher order shear deformation theory based 
models for laminated anisotropic panels of negative Gaussian curvature, in a manner that can be considered as extensions of 
Refs. [62,106-108,127].

Sixth, isotropic and laminated anisotropic doubly curved panels, weakened by through [8,114] and part-through holes, 
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both internal [114,129-131,133-136] and external [132,137], have not been investigated like their flat and cylindrical panel 
counterparts. This is an extremely important area for further research.

Seventh, significant progress has been reported by Kim and Chaudhuri [10,14,20,26-28,32], Hsia and Chaudhuri [11], 
Chaudhuri and Hsia [12,13], Chaudhuri and Kim [4,24,25,33,34], Tvergaard and Needleman [31], Chaudhuri [29-30,35-38,44,116], 
Chaudhuri, et al. [45,46], and Chaudhuri and Abu-Arja [118], on large deflection, material nonlinearity, nonlinear resonance 
(eigenvalue), post-buckling, localization/delocalization, shear crippling type propagating instability, and compression fracture 
of composite shells/panels of cylindrical geometry. In future, we intend to extend such studies to laminated anisotropic doubly 
curved panels. 
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