Appendix A: Equilibrium Equations and Boundary Conditions

The boundary conditions other than SS3 and SS2 types were not, until recently, readily available in the published literature [96]. In order to alleviate this problem, the governing partial differential equations (Euler-Lagrange equations) and the admissible boundary constraints for the present TSDT are derived here using the principle of virtual work as follows [96]:
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Equilibrium conditions dictate that 
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Substitution of Eqs. (2), (3) and (4) into Eq. (A1), followed by use of divergence theorem and rearranging the resulting equations, yields the following:
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The equilibrium equations can then be obtained as shown below:
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(A3e)

where q is the distributed transverse load, and Ni, Mi, Pi, i = 1, 2, 6 denote stress resultants, stress couples (moment resultants), and third-order stress couples (resultants of the higher moment of stress). Qi, i = 4, 5, represents the transverse shear stress resultants, while Ki, i = 4, 5 denotes higher-order transverse shear stress resultants. They are written as follows:
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(Q2, K2) = 
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which on application of Hooke’s law, and integration through the laminated shell thickness can be written as follows:
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in which 
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, are the laminate rigidities (integrated stiffnesses) shared by all laminated shell/plate theories, such as CLT, FSDT and TSDT, while rigidities 
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 arise out of the third order shear terms specific to the present TSDT. These are given as follows:
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                    Table 11: Summary of boundary conditions for third order shear deformation theory (TSDT) [96].
	x1 = 0, a
	x2 = 0, b

	N1 = 0 or u1 = 0
	N2 = 0 or u2 = 0

	M1 = 0 or (1  = 0
	M2 = 0 or (2  = 0

	P1 = 0 or (1  = 0
	P2 = 0 or (2  = 0

	P1,1 = 0 or u3 = 0
	P2, 2 = 0 or u3 = 0

	P1 = 0 or u3,1 = 0
	P2 = 0 or u3,2 = 0

	N6 = 0 or u2 = 0
	N6 = 0 or u1 = 0

	M6 = 0 or (2 = 0
	M6 = 0 or (1 = 0

	P6 = 0 or (2 = 0
	P6 = 0 or (1 = 0

	P6,2 = 0 or u3 = 0
	P6,1 = 0 or u3 = 0

	Q1 = 0 or u3 = 0
	Q2 = 0 or u3 = 0

	K1 = 0 or u3 = 0
	K2 = 0 or u3 = 0


for 
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denotes the reduced elastic stiffnesses of the kth lamina [109].

The stress resultants, stress couples and second stress couples can easily be expressed in terms of reference-surface displacement components. As a result of the integration by parts (see Eq. (A2), the necessary boundary conditions arise as boundary terms, which are listed in Table 11.

Appendix B: Definition of Certain Constants

The constants, 
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, referred to in Eqs. (6) and (7), can be written as follows:
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It may be noted that the elastic rigidities 
[image: image47.wmf],,

ijijij

EFH

 arise out of the third order shear terms specific to the present TSDT. In contrast, 
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are elastic rigidities common to all laminated shell/plate theories, such as the CLT, FSDT and TSDT. All these (
[image: image49.wmf],,
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) 18 elastic rigidities can be experimentally determined from pure stretching, shearing, bending and twisting tests conducted on arbitrarily laminated anisotropic plates, as reported in Kunukkasseril, et al. [127]. Direct experimental determination of these elastic rigidities is preferred because of many uncertainties in regard to maintaining accurate lamina and laminate thicknesses, cross-overs of plies in case of filament wound shells Figure 6 of Chaudhuri and Balaraman [106] for dry winding run on a filament winding machine), fiber waviness, fiber breaks, matrix cracking, fiber-matrix interfacial debond, resin-rich areas, shrinkage during cure, residual stresses and numerous such manufacturing related issues. Bending and twisting rigidities, extracted from experimentally measured fundamental frequencies of rectangular anisotropic laminates with all edges simply supported, are reported by Chaudhuri, et al. [62], and Chaudhuri and Balaraman [106]. No experimental technique has, to the authors’ knowledge, been devised yet to directly measure the 18 higher order rigidities.

For the special case of symmetric laminates [105]: 
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Appendix C: Classifications of simply supported and clamped boundary conditions prescribed at an edge
The admissible boundary constraints for the present TSDT, originally been derived by Oktem and Chaudhuri [96] from the principle of virtual work, are summarized in Table 11 above. The classification of four different types of simply supported or clamped boundary constraints, obtained from Table 11 and described below, can be viewed as an extension of its counterpart for the CLT [55,63,109] and FSDT [72,80] to the present TSDT [88,89].

For all four cases of simply supported condition, as illustrated in Figure 19, at an edge, 
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Figure 19: Simply supported type boundary conditions (after Figure 5-7 of Jones [109].
 In addition: one of the following four sets of surface-parallel edge constrains must be prescribed: 
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For all cases of clamped condition at an edge, 
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, n = 1, 2; when n = 1, t = 2 and vice versa; nt = 6, the following general constrains are prescribed:
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In addition: one of the following four sets of surface-parallel edge constrains must be prescribed:
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C4: 
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Appendix D: Definition of Boundary Fourier Coefficients
The unknown boundary Fourier coefficients are defined as follows:
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