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Abstract

A blended-wing-body is an example of an aircraft configuration with multiple control surfaces. The most effective use of
these control surfaces, e.g. to minimize cruise drag due to pitch trim, or to maximize pitching moment at low speed in
an engine-out condition, leads to optimization problems. This kind of control optimization problems can be addressed
by the method of Lagrange multipliers; this allows for multiple constraints, e.g. constant lift, pitching or other moments,
each associated with one multiplier. The value of the multiplier is a measure of the severity of the constraint, e.g. the drag
penalty of imposing pitch trim at constant lift. The estimates of the Lagrange multipliers for different control surfaces also
indicate the evolution of the iterative process to find the optimum. Three distinct initial conditions to start the iterative
process are considered. The method is applied to multiple control surfaces, taking into account their mutual interactions
and also the influence of shifts of center of gravity. It is shown in particular cases that it is possible to achieve pitch trim

in cruise with drag reduction relative to the untrimmed case.

Keywords

Multiple control surfaces, Flying-wing configuration, Optimization, Cruise drag, Pitch trim, Lagrange multiplier

Nomenclature

List of symbols indicating the first equation where each

symbol is defined of first appears:
C : Mean Aerodynamic Chord: (2a)
C,, : Drag Coefficient: (25)
CD’_ : Drag Coefficient of the Control Surface i: (2b)

C}, :First-order derivative of the drag coefficient with
regard to the deflection of the control surface i: (3a, 9a)

C}, :First-order derivative of the drag coefficient of
ij

the control surface i with regard to the deflection of control
surface j: (15a)

C/, : Second-order derivative of the drag coefficient
with regard to the deflection of control surface i: (12a)

C, : Lift Coefficient: (6b)
C, : Lift Coefficient of Control Surface i: (19)

C, :First-order derivative of the lift coefficient with re-
gard to the deflection of control surface i: (20b)

C,, : Pitching Moment Coefficient: (26c)

C,, : Pitching moment coefficient of the control surface

i (2a)

Cz'w. : First-order derivative pitching moment coefficient
with regard to the deflection of the control surface i: (3b, 9b)

CD : First-order derivative of pitching moment coeffi-

cient of the control surface i with regard to the deflection of
control surface j: (15b)

C]";_ : Second-order derivative of the pitching moment
coefficient with regard to the deflection of control surface i:
(12b; 66b)

C/:,M : Second-order derivative of the pitching moment
coefficient of control surface i with regard to the deflections
of control surfaces j and k: (66b)
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D : Trim Drag: (2b)
D" : Trim drag per unit dynamic pressure: (2b)
*

Dmin: Minimum Trim Drag: (9)

Z: Moment arm of the control surface i relative to the
reference c.g. position: (21a)

[, : Moment arm of the control surface i after shift of c.g.
position: (21a)

L : Lift: (19)
L : Lift per unit dynamic pressure: (19)
M : Pitching Moment: (2a)

M*: Pitching moment per unit dynamic pressure and
mean aerodynamic chord: (2a)

M;ax : Maximum pitching moment: (4)
I, : Identity Matrix: (17a)
¢ : Dynamic Pressure: (1)
U : Airspeed: (1)
Si : Area of the control surface i: (2a)
SO : Total Control Surface Area: (26d)
S: Wing Area: (25)
o : Angle of Attack: (26a)
a, : Cruise Angle of Attack: (26a)
51. : Deflection of the control surface i: (2a)
gi: Optimal deflection of the control surface i: (5b)
A : Lagrange multiplier: (5a)
P : Mass density of atmospheric air: (1)
Axcg : Deviation from c.g. position /, of the control sur-
face i: (21a)
Abbreviations
AOA: Angle of Attack
BWB: Blended Wing Body
c.g.: Center of Gravity
FW: Flying-Wing
Ma: Mach Number

Introduction

Minimizing drag in cruise is most important for aircraft
emissions and economics since this is the longest phase of
most flights, and where a large proportion of the total fuel is
burnt. It is therefore desirable to achieve pitch trim at cruise
with the smallest possible drag penalty relative to the un-
trimmed aircraft; even better would be to achieve pitch trim
in cruise with a drag reduction relative to the untrimmed
aircraft. Thus, the subject of cruise drag minimization has re-
ceived considerable attention in the literature, using a variety
of methods [1-5]. There is a limited choice of control surfac-
es in the traditional aircraft configuration, with a fuselage to

carry payload, a wing to carry fuel and wing to provide lift
and roll control, and an empennage to provide yaw and pitch
control. In a blended wing body (BWB) configuration, with
control surfaces both on the centerbody and wing, there are
multiple control surfaces; thus arises the question of which
is the best combination of all available control surfaces to
achieve pitch trim with least drag. The BWB offers superior
lift-to-drag ratio over conventional configurations, promising
lower fuel consumption; these benefits will be achieved more
fully by minimization of any additional drag due to pitch trim
in cruise [6-9]. This is an instance of flight control and stability
with multiple controls [10-17] that is particularly relevant to
novel aircraft designs like flying wing [18-39] and box-wing
[40,41] aircraft. It falls into the broader scope of optimization
and variational methods [42-54].

The method to be presented applies to the trimming of
an aircraft, for any axis and any flight phase, when there is a
choice of control surfaces to be used. It allows distinct con-
trol surfaces to have different deflections, in order to mini-
mize drag, for a given constant control moment e.g. in cruise.
Conversely, e.g. in a low-speed engine-out condition, with a
given drag, it specifies the maximum control moment avail-
able [55]. It is shown that these two reciprocal problems have
the same solution using Lagrange multipliers (section 2). An
iterative procedure to find the optimal control surface de-
flection is presented (section 3). It is generalized (section 4)
to coupled control surfaces and to the case where addition-
al quantities should be conserved, e.g. lift. The optimization
procedure is iterative and needs an initial condition to start.
In order to have the starting values for the optimization pro-
cedure, the cruise condition of a flying-wing (FW) or Blended
Wing Body (BWB) configuration is trimmed using the eleva-
tor alone (strategy A); the optimization method (strategy B)
moves away from this initial condition and uses deflections of
all five sets of control surfaces (section 5). The methods | and
Il achieve pitch trim without conserving lift and thus imply a
change of flight condition, e.g. altitude or speed change or a
combination of the two. To make a meaningful comparison
between optimal and non-optimal methods of pitch trim in
cruise with minimum drag, the methods | and Il are modified
into respectively strategies C and D both preserving lift, and
thus not changing the cruise altitude or speed (section 6). The
conclusion (section 7) compares the results of optimal and
non-optimal strategies, with further details of the optimiza-
tion methods in the appendix.

The main distinguishing features of the method of La-
grange multipliers compared with other optimization meth-
ods result from two properties of the multipliers. First, the
magnitude of each multiplier indicates the importance of the
constraint it is associated with: (i) A small Lagrange multiplier
means that changing the constraint has little effect on the re-
sult of the optimization; (ii) On the contrary, a large Lagrange
multiplier means that relaxing the constraint will lead to a
significantly better result, and tightening the constraint will
significantly degrade the result. In the case of partial Lagrange
multipliers for each control surface, the optimum is when
they are all equal, implying that: (i) If there are large differ-
ences the control surface deflections should be changed in a
way that reduces those differences; (ii) As the differences be-

Campos and Marques. J Aerosp Eng Mech 2021, 5(1):348-366

Open Access | Page 349 |



Citation: Campos LMBC, Marques JMG (2021) On a Method of Lagrange Multipliers for Cruise Drag Minimization. J Aerosp Eng Mech 5(1):348-

366

tween partial multipliers reduce the optimum comes closer.
The computational cost of the algorithm is small (seconds in a
PC) and the iterations map a neighborhood of the optimum.

2. Two Reciprocal Optimization Problems

Two reciprocal optimization problems in flight dynamics
are: (i) For a given pitching moment, find the control surface
deflections which minimize drag; (ii) For a given drag, find the
control surface deflections which give maximum pitching mo-
ment. These two reciprocal problems correspond to: (i) the
minimum drag due to pitch trim in cruise (subsection 2.1)
and (ii) the maximum pitching moment in an engine-out low-
speed condition (subsection 2.2). They have a similar solution
(subsection 2.3) in terms of Lagrange multipliers but differ in
the additional constraint.

2.1 Minimum cruise drag due to pitch trim

Denoting by g the dynamic pressure:

|
=—pU", 1
q 2/? (1)

the pitching moment per unit dynamic pressure and
mean aerodynamic chord C is given by:

N
M*=M/qc =ZSZ-CM’_ (5,),
i=1
where: (i) The sum extends to all N control surfaces,
i=1..,N, eg i=1istheelevator,and i = 2,..., N oth-
er surfaces which can be used for pitch control; (ii), Si is the
area, C,, the pitch control coefficient and 0, is the deflec-
tion of the surface i . The trim drag per unit dynamic pressure
is:

(2a)

N
D*=D/q=)8,Cp (5),
i=1
where CD is the dimensionless drag coefficient. The aim

(2b)

is to choose 55 withi=1,..., N, so that, for a given pitching
moment (2a), the drag (2b) is minimum.

2.2 Maximum pitching moment in engine-out
condition

The condition of minimum drag (2b) requires that D *
be stationary N

dD*=0: Y S,Cpds, =0,
i=1
where C,')i = dCD, /d&, and it is assumed that CD,. de-

pends only on the deflection of the corresponding surface 5i
(this will be generalized to coupled control surfaces in subsec-
tion 4.1). However, the deflections 51‘ are not independent,
because they must keep the pitching moment (2a) constant:

> sc,d, 0.

(3a)

M* = const.: (3b)

The reciprocal problem, e.g. corresponding to an en-
gine-out condition, is for a given drag D * to maximize the
pitching moment:

(D* M = const) & (D* = const,M;aX ) (4)

min ?
and it leads to the set of same equations (3a,b). Thus,
apart from a distinct constraint, both problems have a similar
solution, i.e. lead to a set of optimal control surface deflec-
tions, which are determined next by the method of Lagrange
multipliers.

2.3 Optimal control surface deflection and La-
grange multiplier

Introducing the Lagrange multiplier A, the equation (3a)
is multiplied by A and (3b) is added:

DIRICETATER o

Now there are N +1 unknowns: (i) the N deflections
5i of the control surfaces; (ii) the multiplier A . If the deflec-
tions are taken as independent in (5a) then follow N optimi-
zation equations:

-2.C,(8)=C,(3), (sb)

where the 51 appears implicitly in the derivatives of the
drag C;, and moment C}, coefficients; the subsidiary con-

dition is the conservation of the pitching moment (3b), and it

is the (N + l) —th equation. From the N+1 equations (5b) +
(3b), can be determined the N optimal deflections 6_'1 and

the optimal Lagrange multiplier A . Once these are known,
the minimum trim drag follows from:

N
Dpin = 2.5.Cp (6)), (6)
i=1

using the optimal deflections 51 The optimal Lagrange
multiplier A indicate*s how much the constraint of constant
pitching moment M  penalizes the minimum drag D , i.e.

*
alarge A indicates a large effect on drag D to achieve the
required pitching moment M and a small A indicates a
small effect on drag.

3. The Method of Solution for the Optimal
Deflections

The direct (or minimum drag) and reciprocal (or maximum
pitching) moment problems, lead to distinct optimal deflec-
tions (subsection 3.1) because the subsidiary condition is dif-
ferent. The optimization conditions are the same (subsection
3.2) and lend themselves to a similar iterative method of solu-
tion (subsection 3.3).

3.1 Direct and reciprocal optimization problems

In the case of the reciprocal problem the same N+1 un-
knowns, the N optimal control surface deflections 51 and La-
grange multiplier A are determined from N+1 conditions:

(i) The same N optimization conditions (5b); (ii) The different
condition (3a) of constant drag instead of constant pitching
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moment (3b). The maximum pitching moment is given (2a)

by: N _
*x=;S,-CM‘.(5_,~)- )

Thus the direct (subsection 2.1) [ inverse subsection 2.2)]
problems use the same N optimization conditions (5b), and
a distinct subsidiary condition of constant pitching moment
(3b) [constant drag (3a)] and thus lead to a different set of

opt1ma| deflections &, (5 ) and a distinct Lagrange multiplier

). o
{(sb)+(36), 8, 2} = {(50)+(30) . 6, 2} (@

In what follows the direct problem will be considered ex-
plicitly; similar reasonings would apply to the reciprocal prob-
lem. Note that the optimization conditions (5b) involve the
first derivative of the drag C, and pitching moment C
coefficients with regard to the deflections:

C, =dC,/ds, C, =dC, /dg,

where it is assumed that the control surfaces are inde-
pendent, i.e. each C CM, depends only in the corre-
sponding 5 and it is not affected by other 5 with 7 # .
This restriction will be lifted in subsection 4.1.

(9a,b)

3.2 Iterative method of solution

The key to the solution of the direct and inverse optimiza-
tion problems is to find the optimal deflections 51 and multi-

plier 4 which satisfy the N optimization equations (5b) plus
the subsidiary condition of constant pitching moment (3a).
This is an implicit system, which can be solved iteratively (Fig-
ure 1) as follows: (i) Start with equal deflections for all surfac-

(0) _ . . . .
eso, ' = 0,, for the given pitching moment (2a):
N
0 _
5O =5, M*=3%"S, Cy, (6,);
i=1
(ii) The N+1 control equations (5b) specify N+1 first esti-
mates of the multiplier:

A0 = C,, (8,)/C) (3,),

(10a)

(10b)

0 0
(iii) If all /15 ) = /1( ) are equal, we have the optimal solu-

0
tion O,, = 0,, A= /1( ), which satisfies all N+1 equations
(3a,5b), implying that the minimum drag would occur for
equal deflections of all control surfaces; (iv) Most likely this is

(0)

not the case, so if the /1l. are not all equal, their arithmetic
mean is taken as the next iteration:

10
_NiZI/li

(v) Substituting ﬂ(]) in the N optimization equations
(5b), gives the next iteration for the deflections 5.() which
are generally distinct; (vi) Substituting the 0, (1) in the pitch-
ing momen% SZa) leads to a value M " wh|ch is the opti-
mtdﬁt if M el the required vaIue M ; (vii) If not
A A%

is modified to and the process continued until

(11)

M(n) — M. The modification process for the Lagrange
multiplier at the iteration n+1 could be as in (11) the arith-
metic mean of the preceding n" iteration. The iterative al-
gorithm initiated with equation (10a) followed by equations
(10b) and (11) consists of simple algebraic operations and
a few choices indicated in the Figure 1. A cycle can be per-
formed in a PC in less than a second, and thus computational
cost is not a issue, even for a large number of iterations, that
should not be necessary in most cases. A larger number of
iterations will require more care with numerical bounding-off
errors.

3.3 Linear and non-linear optimization equations

The critical step in iterative method of solution is to solve
the optimization equation (5b) for the deflections é}. This is
analysed next. If the drag CD‘ and control CM coefficients

are linear in the deflections 5,., then (9a,b) are constants,
and generally there is not a single value A of the Lagrange
multiplier which will satisfy all N relations (5b). Thus, there is
no optimum. It follows that optimal deflections exist only if
the drag or control coefficients are non-linear functions of the
control surface deflections, e.g.:

(12a)

1

Cy (8)=Cp, +C} 8 +% (8,) Cp

(12b)

1

CMi (51) - CMo,- +C]'V[0i 5’ +% (5 )2 X/[m !

in a quadratic case. In this case the optimization condi-
tions are specified substituting (12a,b) in (5b):

-2(C,, +8C;,)=Cl, +6C,, (122
and can be solved for the deflections:
C,, +AC,
_é‘i = C" . +/1C”U’ ; (13b)
MOi D[]i

thus the optimum exists, as specified by (13b).

4. Extension to Coupled Surfaces and Addi-
tional Constraints

The preceding method is extended in two ways: (i) To
coupled control surfaces (subsection 4.1), such that the drag
CD_ and pitching moment C,, coefficients of surface i de-
pend on the defections 5/ of other surfaces; (ii) To additional
constraints (subsection 4.2), e.g., a condition of constant lift.
The two generalizations can be taken together, and it is im-
portant to note that the optimization problem depends on
the position of c.g., allowing an approximation for (subsection
4.3) small deviation.

4.1 Optimization condition for the coupled con-
trol surfaces
In the case of coupled control surfaces the drag coefficient

C, of surface i depends on the defections 5J. of all control
surfaces:
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STOP

6, =9,
A=

optimum

yes

all /15.0) = 1 equal?

START

A

no
v Find
sl
A= Ly g0 —
Next
Choose 51'(”)
Next /I(n)
A
no

yes

Optimum

5_(1)’/1(1)

1

STOP

Figure 1: Block diagram of iterative method of solution of optimization problem using Lagrange multipliers.
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N
*_ , 14a
D'=%Cp(5))S, el
i=1
and the condition of minimum (or constant) drag:
N
0=dD"= )" C, S; d5;, (14b)
= '
involves matrices of first-order derivatives (15a):
C,, =8C, /85;, C,, =0C, 109, (15a,b)
and likewise for the pitching moment (15b). If follows that the optimization conditions (5b) are now:
N N
0=dM'+2dD" =Y 5,3 (C}, +4C), ) ds, ; (162)
=0 j=1

since the variations of the deflections cannot be all zero, the determinant must vanish:

(d6,d8,,...,dd, ) #(0,0,...,0): det(C;, +4C] )=0. (16b)

! !
Thus minus the Lagrange multiplier A is minus an eigenvalue of the pair of matrices CMy_ and CD”_ . If the eigenvalues are

distinct then the eigenvectors are orthogonal. In this orthogonal frame, with indices a, b, the matrices became diagonal:
1 —_ ' ' '
C Dy _C Iabﬂc _CMa Iab’ (17alb)

where |  is the identity matrix; thus (16a) show that:
N

0=dM"+2dD" =Y S,ds,(Ci, +AC} ); (18)
a=l1

the controls are now decoupled as in (5b). Hence the analysis of (subsection 3.3) applies again, to show that an optimum
exists for non-linear controls, e.g. (13b) in the quadratic case (12a,b).

4.2 Flight at varying speed|/altitude or constant lift

The lift per unit dynamic pressure induced by the control surfaces is given by:

N
L'=Lig=)CS, (19)
i=1
where C, is the lift coefficient of contr*ol surface i. In the preceding optimization problem, the optimal deflections 5
would generally lead to a change in lift to L , implying flight at a different dynamic pressure (1), i.e. either speed or altltude

-k *
or both will change, viz.: (i) If lift was increased L > L , then the aircraft would descend to a lower altitude, corresponding
to a larger atmospheric mass density p, or fly faster, leading to a combination such that lift equals weight again; (ii) If lift was
decreased, then the aircraft would fly at higher altitude, or slower.

If it is required to keep flight altitude and speed, then the constraint of constant lift can be introduced via an additional
Lagrange multiplier p relative to (16a), viz.:

0=dM +AdD" + udL, (20a)
and the optimization condition (5b) would be replaced by:
0=C,, +AC, +ucC;, (20b)

for decoupled control surfaces (subsection 3.3). In the case of coupled control surfaces (subsection 4.1) the relations (20b)
would hold after diagonalization, similar to (17a,b) also for C" . The iterative method of solution (subsection 3.2) would again
apply, with two multipliers A, M . Any additional constraint would add another multiplier.

The drag minimization with constant pitch trim and multiple control surfaces (section 2) has been extended to: (i) take into
account the coupling between control surfaces (subsection 4.1); (ii) the additional constraint of constant lift (subsection 4.2)
to ensure unchanged cruise speed or altitude. Next (subsection 4.3) is considered not a further variation of the optimization
problem, but rather the consequences of c.g. changes on the optimal deflections.
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4.3 Effect on the optimization of large and small c.g. shifts

The preceding calculations involve the c.g. position in two ways: (i) The moment arm Z can be calculated for li a given
c.g. position (e.g. 25% of mean aerodynamic chord) and then corrected for the c.g. deviation Axcg from this position (27a):

Z_i = li —A)ch; (Axvg )2 << (ll )2 ; (21a,b)

(ii) If the c.g. position shift is small (21b) relative to the moment arm, then the aerodynamic coefficients are not affected.
The pitching moment (2a) is now taken for unit dynamic pressure:

N
sk -
M"/q=315Cy(3), 22)
i=1
and the moment arms /, introduced instead of the mean aerodynamic chord C ; note that this changes the value of the
pitching moment coefficient to C,, . Using (13b) with C,,; replaced by /; C,,; leads to:

Fall r_ il
_5 — l’C M0i+lCD0i x%’c My, (23)
VLl n ~n ’
llC M0i+/1c Dm_xcgc My,
where the aerodynamic coefficient may depend on the c.g. position. For small c.g. deviations (21b), the optimal deflections
(23) linearize:

IC", +AC) cr, c,

0i i

P S P p— S— —|+o((x.) )i (29)
LC"y +ACH Lc"y, +AC, LC", +AC,

i

where the aerodynamic coefficients are calculated for the reference c.g. position x =().
cg

5. Initial Condition and Iterative Solution

Starting from a given cruise condition (subsection 5.1) pitch trim may be achieved by the strategy A (subsection 5.2) of de-
flection of the elevator alone, that is the most effective pitch control surface and simplest. This is used as the initial condition
in the iterative application of the strategy B of Lagrange multipliers (Figure 1) towards optimal deflections (subsection 5.3).

5.1 Lift and drag in the cruise condition

Consider a BWB aircraft configuration at a cruise weight 7 =715 ¢ intermediate between initial and final cruise weights.
At cruise altitude z = 35 kft the sound speed is ¢ = 295 m s, and the cruise Mach number Ma =0.85 corresponds to a indicat-
ed airspeed U = Maxc =251ms~". At the tropopause, the mass density is p = 0.223 kg m?3, and thus the dynamic pressure is

1 _
q= E'OU2 =7.025x10° Nm ™. For a reference wing area S = 961.35 m?, this corresponds to a cruise lift coefficient:

Table 1: BWB aircraft in mid-cruise conditions (z = 35 k ft, m = 715 t, Ma = 0.85).

Aerodynamic Symbol AOA At cruise
Coefficient a=0° a=3° a, = 0.71789°
Lift C, 0.04411 0.30224 0.10588
Drag G, 0.00423 0.01033 0.00569
Pitching moment C -0.00819 -0.07596 -0.02441

Table 2: Sets of pitch control surfaces.

Figure 1 Name Location Area (cm?) Area fraction to
Wing Total Control

i=1 Elevator Body 27.9 0.02902 0.21816
2 Outer Elevator Junction 17.2716 0.01797 0.13505
3 Inner flap Inner wing 16.9428 0.001762 0.13248
4 Outer flap Middle wing 47.4051 0.04931 0.37067
5 Aileron Outer wing 18.36938 0.01911 0.14364
i=0 All Wing+body 127.889 0.13303 1.00000
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C, =20 /(pSU*| =W /(qS)=0.10588, (25)

The lift coefficient C, and also the drag C, and pitching moment C, coefficients, are given in Table 1 for the chosen BWB
aircraft configuration in a typical cruise condition. Linear interpolation of the values of the lift coefficient between zero a = 0°
and three degree a = 3° AOA, shows from Table 1 that (25) corresponds to a cruise AOA

a,=0.71789°, (26a)
Further linear interpolation shows that this AOA corresponds to a cruise drag coefficient (26b)

C,=0.00569, C,,=-0.02441, (26b,c)
and pitching moment coefficient (26c). The total dynamic force g =¢S =6.7535x10° N, then leads to a cruise drag

D=C, q=3.8427x10'N and pitching momentM =C,, g ¢ =-5.2699x10° N m. The cruise lift-to-drag ratio is L/D = c/c,
=18.6.

There are five sets i = 1,...,5 control surfaces available for pitch control whose areas are indicated in Table 2 together with
the fraction of wing area Si/S, and fraction of total control surface are Si/SO, where:

5
Se=Y.5,. (264)
i=1

The lift C. drag C, and pitching moment Cu coefficients for each surface i = 1,...,5, and those for all surfaces togetheri =0,
are given in Table 3 for upward or downward deflections of three degrees , = + 3°, at angles of attack o = 0° and a = 3°. From
these are interpolated the values at cruise AOA in (26a). The Table 4 repeats the values of the lift C, drag C, and pitching
moment C . coefficients for all six cases i = 0,1,...,5 in cruise condition, for zero deflection § = 0° and three degree deflection
upward or downward &, =+ 3°, to calculate: (i) Two first-order central differences VC,, at deflections & =+ 1.5°; (ii) One sec-
ond-order central difference V2 C, at zero deflection §, = 0. The calculation is similar for lift X = L, drag X = D and pitching mo-
ment X = M, and can be used to specify in Table 5: (i) Two values of the first-order derivative:

Cly (0, =41.5°)=+[ C,, (8, =43°) = C,, (5, =0°) |/ 3°=+VC, (5 = £1.5" )/ 3°; (27a,b)

Table 3: Aerodynamic coefficients for upward/downward deflections.

Deflected Aerodynamic 51‘ = 4+3° S =-3°

fficien i
Surface Coefficient

a=0° a=3° a=0.71789° «a=0° a=3 a =0.71789°

i=1 C, 0.01033 0.26590 0.07149 0.07780 0.34000 0.14054
C.. 0.00396 0.00845 0.00503 0.00475 0.01265 0.00664
Cin 0.00778 -0.05860 -0.00810 -0.02406 -0.09423 -0.04085
i=2 C, 0.03384 0.29079 0.09533 0.50434 0.31388 0.11645
C,, 0.00420 0.00980 0.00554 0.00429 0.01092 0.00588
Ca -0.00381 0.07087 -0.01986 -0.01255 -0.08119 -0.02897
i=3 Cs 0.01600 0.27080 0.07702 0.07240 0.33707 0.13573
Cys 0.00441 0.00914 0.00554 0.00418 0.01206 0.00607
Cos 0.00313 -0.06249 -0.01250 -0.01976 -0.09159 -0.03695
i=4 C. -0.00666 0.24644 0.05390 0.09662 0.36857 0.16169
Co. 0.00518 0.00896 0.00608 0.00375 0.01364 0.00612
Cha 0.01599 -0.04867 0.00052 -003357 -0.11080 -0.05205
i=5 Cs 0.02980 0.28626 0.09117 0.05870 0.31943 0.12109
Cys 0.00481 0.01021 0.00610 0.00375 0.01075 0.00542
Cus 0.00122 -0.06542 -0.01473 -0.01783 -0.08753 -0.03451
i=0 Co 0.15977 -0.09578 0.09862 0.49675 0.19127 0.42365
Coo 0.00625 0.00644 0.00629 0.02343 0.00473 0.01896
C -0.00746 0.05871 0.00837 -0.18107 -0.08014 -0.15692

<
S
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Table 4: First- and second-order central differences of aerodynamic coefficients.

AOA: 2
a =0.71789° G Ve |V
Surface Coefficients 5,=-3° 6,=0° 5 =+3° §,=-15° 5,=+15° 6,=0°
i=1 C, 0.14054 0.10588 0.07149 -0.03466 -0.03439 0.000270
C,, 0.00664 0.00569 0.00503 -0.000950 -0.000660 0.000290
Cu -0.04085 -0.02441 -0.00810 0.01644 0.01631 -0.00013
i=2 C, 0.11645 0.10588 0.09533 -0.01057 -0.101058 -0.00001
C,, 0.00588 0.00569 0.00554 -0.00019 -0.00015 0.00004
C -0.02897 -0.02441 -0.01986 0.00456 0.00455 -0.00001
i=3 C, 0.13573 0.10588 0.07702 -0.02985 -0.2886 0.00099
Cs 0.00607 0.00569 0.00554 -0.00038 -0.00015 0.00023
Cys -0.03695 -0.02441 -0.01250 0.01254 0.01191 -0.00063
i=4 C. 0.16169 0.10588 0.05390 -0.00558 -0.05198 -0.04640
C,. 0.00612 0.00569 0.00608 -0.0043 0.00039 0.00082
Cos -0.05205 -0.02441 0.00052 0.02764 0.02493 -0.00271
i=5 Cs 0.12109 0.10588 0.09117 -0.01521 -0.01471 0.00050
Cys 0.00542 0.00569 0.00610 0.00027 0.00041 0.00014
Cus -0.03451 -0.02441 -0.01473 0.01010 0.00968 -0.00041
Co 0.42635 0.10588 0.09862 -0.32047 -0.00726 0.31321
i=0 Coo 0.01896 0.00569 0.00629 -0.01327 -0.000600 0.01267
Cuo -0.15692 -0.02441 0.00837 0.13251 0.03278 -0.09973
Table 5: First and second-order derivatives of aerodynamic coefficients.
Surface Coefficients C)'ﬁ C;[.
8 =-1.5° 8§ =+1.5° §=0° 5,=0°
C, -0.01155 -0.01146 -0.011505 0.0000300
i=1 C. -0.000317 -0.000220 -0.0002685 0.0000323
Con 0.00548 0.00544 0.00546 -0.0000133
i=2 C, -0.003523 -0.003527 -0.003525 -0.00000133
C,, -0.0000633 -0.0000500 -0.0000565 0.00000443
Cua 0.001520 0.001517 0.0015185 -0.00000111
i=3 C, -0.00995 -0.00962 -0.009785 0.000110
Cos -0.000127 -0.000050 -0.0000885 0.0000257
Cus 0.00418 0.00397 0.004075 -0.0000700
i=4 C. -0.00186 -0.001732 -0.001796 0.000427
Cos -0.000143 0.000130 -0.00000650 0.0000910
Cua 0.009213 0.00831 0.0087615 -0.000302
i=5 Cs -0.005070 -0.004903 -0.0049865 0.0000557
Cos 0.0000900 0.000137 0.0001135 0.0000156
Cus 0.003367 0.003227 0.003297 -0.0000467
i=0 Co -0.10682 -0.00242 -0.05320 0.03480
Coo -0.00552 -0.00200 -0.00321 0.00141
C 0.04417 0.01092 0.027545 -0.01108

<
S)
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(ii) One value of the second-order derivative:
Cr(8=0)=[C,(5=15)-C,(5=-15°]/3°=V"C,(5=0°)/3". (27¢)

The value of the second-order derivative is always taken to be (27c) in Table 5, because only one estimate is available. The
first derivative can be interpolated between the two values (27a,b), or its mean value taken at zero deflection,

Cyi (6,=0°)=[C5 (6, =1.5°)+C}, (6, =-1.5°) ]/ 2=[ C,, (6, =3°) - C,, (6, =-3°) ]/ 6°, (28)

and is also indicated in Table 5. The preceding tables contain all the data needed to implement various trimming strategies
for which different strategies are possible. The simplest (strategy A) is pitch trim by deflection of the elevator alone, that is
the most effective control surface (subsection 5.2), and also serves as the initial condition for the strategy B of optimization
(subsection 5.3).

5.2 Pitch trim using the elevator only

It is seen from Table 5, that the centerbody elevator has: (i) One of the largest positive pitching moment slopes, hence can
trim the aircraft with smaller deflections; (ii) Has the largest (in modulus) negative drag slope, so that drag is reduced for small
deflections. This suggests the strategy A of maximal deflection of the inboard control surfaces. The innermost trailing-edge
control surface is the central body elevator, which would produce the required [(26c) or Table 1] pitching moment coefficient

-C,=C, =002441=C, (5)=6,=89798=5,, 0=6,=6,=6,=6,, (29a-0)
for a deflection (29b) which is calculated by linear interpolation from Table 4 as follows:

©0.02441-(-0.02441)
" 0.00810—(~0.02441)

the other control surfaces are not deflected (29c) in strategy A. The corresponding drag coefficient (30) from Table 4:
C,, =C, (6,)=0.00371, (30)

is decreased (30) relative to the untrimmed cruise value (26b), because dC_ /d&, < 0. For relatively large deflections, this
slope cannot be assumed to be constant, and the linear extrapolation should be corrected by a curvature term:

C, =0.00371 +%c;l (5,) =0.00500, (31)

x3°=8.9798°. (29d)

using the value C}:In =0.000032 from Table 5. The drag coefficient takes the undeflected value (26b) = (32) in Table 4
for all other surfaces:

i=2,3,4,5: C,, =C,(0.0°)=0.00569; (32)

the total drag is weighted by the fraction of control surface area in Table 2:

5
Cpr =Cpn 8118y +(Cpyi 1 Sy) DS =0.00553. (33)
i=2
Thus, the drag is decreased relative to the value in Table 1 by 16 drag counts (34a) corresponding to a decrease (34b) of
2.8% in drag due to trim:

AC, =C,-C, =-0.00016, AC, /C,=-0.028; (34a,b)

this is due to the drag reducing for increasing positive elevator deflection, as seen in Table 4. The strategy | of deflecting
the elevator alone has: (i) The advantage of decreasing (34a,b) the drag (33) relative to the untrimmed condition (26b); (ii) The
disadvantage of requiring a large deflection of the elevator alone (29a,b) to produce the required pitching moment. A large el-
evator deflection could have undesirable consequences, e.g. shock wave formation and boundary layer separation, or exciting
aeroelastic modes and causing earlier onset of buffet. Thus, it may be necessary to limit the maximum deflection of all control
surfaces to a given value, say 7.6°. The pitch trim using elevator alone serves an initial condition for an optimization to minimize
cruise drag (subsection 5.3), that will use all other control surfaces, with the additional consequence that all deflections must
fall below the moderate threshold of 7.6°.

5.3 Optimal deflections to minimize cruise drag

At constant AOA, the strategy B of optimal deflections to minimize cruise drag is illustrated with the initial condition (strat-
egy A) of elevator deflection only. The starting point for the pitch drag minimization strategy B may be any initial condition.
However, an initial condition too far from an optimum, may require many iterations for convergence, and lead to an accumula-
tion of errors, bearing in mind that estimates of second-order derivatives of aerodynamic coefficients can be inaccurate. Thus
it is advisable to use as the starting point a good non-optimal strategy, such as the strategy A of elevator deflection only. This
initial condition leads (5b) to a distinct Lagrange multiplier for each surface:
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51'(0) = 511 . &(0) == szm (51) / C‘Di (51)’ (35)

as indicated in Table 6, and thus the deflection §, for elevator only is not optimal for the minimization of drag due to pitch
trim; it should be possible to obtain a lower drag, with modified deflections. The starting values lead to a very large Lagrange
multiplier for i = 4, which cannot be obtained for small deflections, and must be discarded; its inclusion would not change the
final result, but would delay convergence by moving the initial condition far away from the optimal. This value is excluded from
the mean of Lagrange multipliers:

70 LS 50 _ 50145
T4 Zl T (36)
=
i#4
as indicated in Table 6. The mean Lagrange multiplier specifies (13b) the first iteration of deflections:
s =-(c, +29c', )/c", +2%c", ) (37)
where the first - and second-order derivatives of the drag and pitching moment coefficients come from Table 5, for the
initial deflections &),

i

1)

The derivatives are recalculated from the Table 5 for the first iterated deflections 51. , to specify the first iterated Lagrange

multipliers:
A =—c, (6) c, (s0) (38a)
The mean value of the latter
A0 -Ls 50
= 5 & s (38b)

is used in the next iteration, and so on. Since the iterations are oscillatory, to check drag, the optimal deflections are taken
from Table 6 as the mean of the third and fourth iterations:

5, =[8"+5"]/2={7.4047°,7.5882°,-0.60480°,~1.4860°,~7.2529°}, (39)

and all fall below 7.6° unlike the 9° deflection (29b) of elevator alone. Note that in the optimal strategy Il the inboard control
surfaces are deflected upwards, and the outboard surfaces downwards. The optimal deflections (39) are explained in Table 5
which indicates the effectiveness of each control surface from the points-of-view of: (i) Producing a pitching moment for trim,
and (ii) Providing drag reduction by moderate deflection. For example, the centerbody elevators (surface 1) has a large positive
deflection §,, > 0 because this leads to a large pitching moment for trim C’, > 0 together with a significant drag reduction C’' |

11
< 0: the ailerons (surfaces 5) have a large downward deflection § . < 0 because they have a smaller effect on pitching moment

0<C,,<C,, butdecrease drag C' >0 when deflected opposite to the elevator §,,,<0<3§, ..
The preceding deflections correspond in Table 4 to the drag coefficients (40a-e):
Cpi = Cpy (7.4047°) = 0.00384 +0.000016 x 7.4047° = 0.00471, (40a)
Coms = Cpy (7.5882°) = 0.00528+0.000016 x 7.58827 = 0.00620, (40b)
C,,,=C,,(-0.60480°) = 0.00581, (40c)
C,.=C,, (1.4860°) = 0.00611, (40d)
C,.=C, (~7.2529°) = 0.00494. (40e)

The drag coefficients of each control surface contribute in the proportion of the fraction areas in Table 2, to the overall
trimmed drag coefficient (26b):

CD[I = 000561’ ACD” = CD[[ - CD = _0008’ (4la:b)

which is 8 drag counts (41b) below the untrimmed cruise drag (26b), or a 1.4% drag reduction. The cruise drag reduction
of 8 drag counts (41a,b) in the “optimal” strategy B is not as good as the reduction of 16 drag counts (34a,b) in the strategy A
of deflection of elevator alone for several reasons: (i) The elevator deflection is 9.02 in strategy A whereas all deflections are
limited to 7.6° in strategy B, and the elevator deflection is the most effective at reducing drag; (ii) The strategy B is iterative
and it is possible that going beyond the fourth iteration would come closer to the final optimal value with a lower drag. In both
strategies A and B cruise drag was minimized while keeping pitch trim, but lift was not constant. The additional constraint of
constant lift is considered next (section 6).
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Table 6: Minimization of cruise drag due to pitch trim.
Surface i=1 i=2 i=3 i=4 i=5 Mean
5[(0) 8.97977 0.0 0.0 0.0 0.0 -
s CMz 0.00534027 0.0015785 0.004075 0.0087615 0.003297 -
tarting
value i
CD[ +0.0000218459 -0.0000565 -0.0000885 -0.00000650 0.0001135 -
ﬂl.(o) -244.452 26.876 46.045 (1347.923) -29.048 -50.145
é‘l(l) 2.60104 19.62538 6.26530 1.86823 -2.88850 -
First CMz -0.00542265 +0.000303559 +0.0000723094 0.000163509 0.00349180 -
iteration i
CDZ. -0.000177933 +0.0000303559 +0.0000723094 0.000163509 0.0000682468 -
/ll.(l) 30.476 -49.377 -50.290 -50.160 -51.169 -34.104
51(2) 10.55787 3.07902 1.23689 0.77122 1.91095 -
C 0.00531923 0.00151542 0.00398842 0.00852936 0.00320782 -
Second Mi
iteration
z')‘ 0.0000728038 -0.0000429997 -0.0000567532 0.0000636810 0.000143438 -
1
ﬂ,l.(z) -73.063 35.242 70.277 -133.939 -223.638 24.431
51(3) 9.15188 -4.39216 -4.66620 -5.24555 -20.06798 -
Third CMz 0.00533797 0.00550892 -0.00440163 0.013341 0.004233 -
iteration
'D_ 0.0000274108 -0.0000726513 -0.000208266 -0.000483845 -0.00020089 -
1
ﬂ,l.(3) -194.740 75.827 21.135 21.358 21.074 34.848
5(4) 5.65745 19.56849 3.45661 2.27351 5.56212 -

i

6. Pitch Trim at Constant Lift

There are at least four methods of ensuring pitch trim with constant lift, that is with an unchanged flight condition: (i) Using
two Lagrange multipliers (subsection 4.2), one for minimum drag and one for constant lift, leading to two nested iterations
loops, each similar to the Figure 1; (ii) Performing an iteration for AOA (subsection 5.1) while keeping pitch trim at each stage,
and converging to constant lift as the additional constraint; (iii) For the strategy A the modification to strategy C allowing the
deflection of another control surface besides the elevator, enables pitch trim with constant lift (subsection 5.2); (iv) for the
strategy B of optimal control deflections the modification to strategy D multiplying all deflections by a constant factor so that
constant lift is preserved (subsection 5.3).

6.1 Double iterations for cruise equilibrium

The optimal deflection angles in the Table 6, were obtained for the untrimmed AOA o, as indicated in Table 1 and are not
consistent with constant lift. In order to ensure constant lift, the optimal deflection angles for each surface can be determined
by replacing the optimization condition (35) = (5b) with one Lagrange multiplier A, by the optimization condition:

! ! !
0=C,, +AC, +uCy, (42)

with (42) = (20b) two Lagrange multipliers ﬂ,,u . This optimal double iterative strategy Ea, is equivalent to an alternative
optimal strategy Eb, which is more illuminating, and is explained next.
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The lift coefficient involves the lift slopes from Table 5:
1. =0C,, 198, ={~0.011505,~0.003525,~0.009785,—0.01796,~0.0049865}, (43a)
which together with the optimal deflections (39) lead to:

5

Y5, C;, =0.043165. (43b)
i=1

Thus, the condition of lift equilibrium at cruise (25):

5
,C,,=0.10588-Y "5, C, =0.06272, (442)

i=1

is satisfied (Table 3) by an AOA:
a, =0.06272/0.04265 =1.4706°. (44b)
The pitching moment coefficient, involves the pitching moment slopes from Table 5:
15 =0C,; 1 08, ={0.00546,0.0015185,0.004075,0.0087615,0.003297} , (45a)
together with the optimal deflections (39) in the term:

5

Y5, C,, =0.01256. (45b)
i=1

The condition of pitch trim (26c) and Table 3 leads to the AOA:

C,, =0: «a, =(0.01256-0.02441)/0.15692 = —0.07552° . (46)

If @ =a, = «a,, then the initial untrimmed AOA & would agree with those for constant lift &z, and zero pitching mo-
ment «,,, i.e. satisfies all equilibration conditions.

Usually o, # o, at the zero-order and the next iteration takes for the AOA the mean value of those for constant lift and zero
pitching moment:

@ =(a, +a,)/2=0.70640°; (47)

thus the strategy of cruise drag minimization including constant lift and pitch trim, involves two interlocked iteration loops:
(i) For a given AOA determine the optimal control deflections using the method of one Lagrange multiplier (subsection 5.3); (ii)
From the optimal deflections determine the AOA for constant lift &, and pitch trim ¢,, , whose mean value is taken as the
next value of AOA. The alternative optimal strategy is more illuminating that the strategy of two Lagrange multipliers, because
it replaces the second Lagrange multiplier 4 in (42) by the mean & of AOA for constant lift and pitch trim. Pitch trim with
constant lift can also be achieved by modification on the non-optimal (subsection 5.2) strategy A and optimal (subsection 5.2)
strategy B, leading respectively to the strategies C in subsection 5.2 and D in subsection 5.3. These strategies C and D are cho-
sen so as to be one step rather than iterative.

6.2 Deflection of elevator and another control surface

In order to minimize drag with constant pitching moment and constant lift, it is necessary to deflect at least two sets of
control surfaces because there are two constraints. Thus, the modification of strategy A of deflection body elevator alone for
pitch trim (subsection 5.2) requires the deflection of another control surface for constant lift. The Table 5 shows that after the
elevator the most effective control surface as regards pitching moment and lift is the outer flap i = 4. Thus in the strategy C all
other control surfaces are not deflected (48a) and the deflections of the body elevator § , and outer flap § , ensure constant
pitching moment (26c¢) = (48b) and lift (25) = (48c):

0=0,=0,=0,; -0.02441=C 06, +C 0, 0.10588=C 0,6 +C, 0 (48a-c)

2 152 M1 11 M4 4 L1711 L4114

Substituting values from the Table 4 in (48a,b) leads to (49a,b):
—-0.02441=-0.0081006, —0.01473 6

1t 42

0.10588=10.071496,, +0.09117 ¢,

1 42

(49a)
(49b)

whose solution is the deflection of the elevator (50a) and outer flaps (50b):

0, =-21173°, 6, =2.8215°. (50a,b)

I 4

The corresponding drag coefficients in the quadratic approximation are (51a,b) for the deflected surfaces and (32) = (51c-e)
for the undeflected surfaces:
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Cpun =Cpy (—2. 1 173°) =0.00636+0.000016x2.1173% = 0.00643, (51a)
C,..=C, (2.8215°) =-0.00096+0.00041x2.8215" = 0.00230, (51b)
Cpurz = Cpurs = Cpprs = 0.00569. (51c-e)
The corresponding total drag coefficient taking into account the areas of the respective surfaces is (52a):

C,, =0.0096, AC, =C, —C,=-0.00103, (52a,b)

that is 103 drag counts (52b) or 18.1% below the untrimmed drag (26b). The reason is the low drag (51b) due to the de-
flection of the outer flap that reduces the drag relative to the strategy A of elevator deflection alone (33) by 67 counts (53) or
12.6%:

C, —C, =0.00466—0.00533 = —0.00067. (53)
Next is considered the effect of constant lift (subsection 6.3) starting from the optimal deflections (subsection 5.3).
6.3 Scaling of optimal deflections for lift control

Of the five optimal deflections of control surfaces for pitch trim (39) three are close to the upper limit (54a-c) that is chosen
in strategy D:

Oy =Opyy =7.6°==0yy5, (54a-c)

whereas the small deflections of the inner i = 3 and outer i = 4 flaps are replaced by the values 6, and § , that preserve
pitch trim (26c¢) = (55a) and lift (25) = (55b):

~0.02441 = ZSZCM,V,- (S./8,), (55a)
i=1

0.10588 = Zc (S./8,). (55b)
i=1

By interpolation in the Table 4 the deflections (54a-c) correspond to the pitching moment coefficients (56a-c):

Cyy =C, (7.6°)=0.01690, C,,,,, =C, ,(7.6°)=-0.01289,
Cyys = Cyys (<7.6°) = =0.05000, (6a-c)

and to the lift coefficients (57a-c):

C,,, =C,(7.6°)=0.01879, C

LIV1 LIV2

=C,,(7.6°)=0.07915, C

LIVS

=C,,(~7.6°)=0.14441. (572-<)

Substituting (56a-c) in (55a) and (57a-c) in (55b) leads respectively to (58a) and (58b) where appear the deflections of the
inner 0,3 and outer ;4 flaps:

-0.01917=0.13248C,, ,, +0.37067C,, ,,, (58a)
0.07036 =0.13248¢C, ,,, +0.37067C,,,,. (58b)
Using the average slopes in the Table 5 leads to (59a,b) for the pitching moment and (60a,b) for the lift coefficients:
C,,=-0.02441+0.0040750,,.,, C,,,, =-0.02441+0.00876159,,,, (59a,b)
C,,,=0.10588-0.0097850,,, C,,,=0.10588-0.0017960,,,, (60a,b)
substituting (59a,b) in (58a) and (60a,b) in (58b) leads respectively (61a) and (61b):

~0.006888 = 0.0005399 5, +0.0032485,,,, 0.01709 = -0.001296 5,5 —0.0006657 5,,.,, (61a,b)
that can be solved for the deflection of the inner (62a) and outer (62b) flaps:

Sy =—13.232°, 5,, =—0.07979°. (62a-)

The large deflection of the inner flap (62a) is replaced by the lower limit (63a) and the small deflection of the outer flap
(62b) is neglected (63b):

5[1/3 = _7.60, 5[[/4 = 0.00. (63a-C)
The deflections (54a-c) and (63a,b) lead to the drag coefficients (64a-e):
Com1 = Cpy (7.6°) =0.00402+0.000016x 7.6% = 0.00494, (642)
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Cpiya = Cpy (7.6°) = 0.00531+0.00002x 7.6 = 0.00646, (64b)
Cpirs = Cps (=7.6°) = 0.00665 +0.00011x 7.6 = 0.01300, (64c)
Cpiya =Cpy (0°)=0.00569, (64d)
Cpirs = Cps (=7.6°) = 0.00501+0.00007 x 7.6 = 0.00905. (64e)
The total drag taking into account the weighting the areas of each control surface is (65a):
Cpy =0.00600, AC),,, =Cj,, —C, =0.00031, (65a,b)

and exceeds the baseline (32) by 31 drag counts (65b) or 5.4% due to the large drag of unfavourable deflections (64c,e). This
shows that the favourable effect of optimal deflections in the strategy B may be undermined by the unfavourable assumptions
of strategy D. The four strategies A to D are compared in the conclusion(section 7).

7. Conclusion

The first two methods assessed the effect on cruise drag, of achieving pitch trim, i.e., meeting a constraint of a given pitch-
ing moment. A consequence would be a lift change relative to the untrimmed flight condition; this lift change would result in a
change of cruise altitude or speed or a combination of both. If it is a desired to achieve pitch trim with the same lift, i.e. at un-
changed cruise speed and altitude, then there are two constraints. These constraints together lead from strategies A and B and
Il, respectively, to strategies C and D. The results of the four strategies are summarized in the Table 7 indicating: (i) Whether
or not lift is kept constant; (ii) If the strategy is optimal or not; (iii) The deflections of each of the five control surfaces; (iv) The
effect of pitch trim in terms of added or subtracted drag counts, and (v) Percentage of (vi) Total drag. The Table 7 shows that:
(i) The strategy A of deflection of the elevator only gives a better drag reduction with pitch trim than the fourth iteration of the
strategy B of Lagrange multiplier optimization but uses larger deflections, and neither of strategies | and Il preserves lift; (ii)
For unchanged speed and altitude, lift as well as pitching moment must be conserved, leading to a drag increase for strategy D
and a significant decrease for strategy C; (iii) The best strategy is C, that achieves pitch trim with unchanged airspeed and flight
level, while reducing cruise drag, by suitable deflection of the two most effective control surfaces.

Among the multitude of optimization methods available [42-54], the method of Lagrange multipliers was chosen; one of its
major applications is in the calculus of variations [45-54], and hence in the analytical dynamics [56-63] of mechanical systems
with multiple degrees-of-freedom subject to various types of constraints. The type of constraint in the present problem corre-
sponds to anholonomic scleronomic in classical mechanics [64-78]. The method of Lagrange multipliers has several attractive
features in the present application: (i) The magnitude of the final multiplier indicates how severely the constraint of pitch trim
or constant lift affects cruise drag; (ii) The differences between the Lagrange multipliers of distinct control surfaces at each
iteration indicates how far that particular state (or choice of control surface deflections) is from the final optimal state. There
are other methods of optimization applicable to the selection of multiple control surfaces [13-17].

The preceding analysis demonstrates the following hierarchy: (i) The forces and moments specify aircraft performance,
and are determined by the aerodynamic coefficients, e.g. CM for the pitching moment; (ii) For control, the first-order deriv-
atives are needed, e.g. N quantities for decoupled controls (9b), and N? for coupled controls (15b); (iii) The optimization

Table 7: Comparison of four pitch trim strategies.

Strategy A B C D
Lift constant No No Yes Yes
Deflection of elevator Optimal Elevator and outer Modification of
Principle only all surfaces” flap only optimal®
6 8.9798 ° 7.4047 °© -2.1173° 7.6°
6 0.0° 7.5882° 0.0° 7.6°
Deflections 5, 0.0° -0.60480° 0.0° -7.6°
64 0.0° -1.4860° 2.8215° 0.0°
6 0.0° -7.2529° 0.0° -7.6°
Trim drag Counts -16 -8 -103 +31
Penalty -2.8% -1.4% -18.1% 5.4%
Total drag 0.00553 0.00561 0.00466 0.00600

*all deflections not exceeding 7.6°
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conditions (13b) involve second-order derivatives, viz. N for
decoupled controls (66a):

c, =d’c, /ds;, C, = 0°C,, 105,06,
(66a,b)

and N° for coupled controls (66b). The number of first
(15b) and second (45b) order derivatives reduces if each con-
trol surface is coupled only to a few neighbouring ones. The
optimal pitch trim strategy thus requires the knowledge of
second-order derivatives of aerodynamic coefficients, where-
as the simple non-optimal strategies can do with first-order
derivatives only. The present analysis includes an encourag-
ing result (Table 7) that in some cases it is possible to achieve
pitch trim together with drag reduction relative to the un-
trimmed flight condition. Some general aspects of optimiza-
tion methods are discussed in the appendix.

Traditional optimal control methods can be: (i) Direct
specifying the optimum in one step; (ii) Iterative approach-
ing the optimum by repeated application of an algorithm. The
method of Lagrange multipliers is of the second type, with the
iterations guided by the Lagrange multipliers in two ways: (a)
The magnitudes of the multipliers identify the control surfac-
es that are most effective for optimization; (b) The differenc-
es between multipliers reduce as the optimum is approach
providing an approximation path. Thus, the method not only

finds the optimum, but also selects an approximation path
in its neighborhood. Computational cost is not an issue since
each iteration takes less than a second in a PC. The detailed
comparison of several other alternative pitch trim strategies
using different methods would lengthen too much the pres-
ent paper and is deferred to a follow-on publication.

Appendix - Convex and Non-Convex Optimi-
zation

The present problem involves five control surface deflec-
tions, which could be used as coordinates in a five-dimension-
al space. The drag is a function of these five control surface
deflections, and thus is a hyper-surface of dimension 4. The
condition of pitch trim is represented by another hypersur-
face, and their intersection is a subspace of dimension 3. If
the condition of constant lift is imposed as well, then the con-
trol surface deflections must lie on a subspace of dimension
2 (i.e. a surface) in the 5-dimensional space. The question
of drag minimization subject to pitch trim and constant lift
constraints then amounts to finding on this surface in 5-di-
mensional space the point where the drag is minimum. Al-
ternatively, one could eliminate three deflections, and have
the drag represented in 3-dimensions as a surface function
only of two independent deflections. If this surface is convex,
e.g. like a bowl, then there is only one local minimum, which
is also the global minimum: the bottom of the bowl (point M
in Figure 2). Starting from any initial condition, the optimiza-

Figure 2: Convex optimization with a single minimum.
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Figure 3: Non-convex optimization with two local minima of which one is the global minimum.

tion method imposes a “descent”, which can only end at the
“bottom” of the bowl. A “good” starting condition “close” to
the bottom gives a short descent (path S in Figure 2), where-
as a “poor” initial condition far from the “minimum” (path L)
yields a longer descent. The final result should be the same,
apart from an accumulation of errors which may be more sig-
nificant for the “poor” initial condition, which requires more
iterations. The question of accumulation of errors is rele-
vant here, since the iterative procedure uses repeatedly sec-
ond-order control derivatives, which may not be too accurate
to start with.

A more fundamental question is whether the drag surface,
or to be more precise the surface associated with the intersec-
tion of drag, lift and pitching moment hypersurfaces is convex.
If it is not, then it could have several valleys, i.e. several local
minima (points M and m in Figure 3); depending on the start-
ing point the optimization procedure could lead (path A and
B in Figure 3) to different local minima, with no way to know
if that particular local minimum is or not the global minimum,
other than comparing the values at the two minima. In the
case of the Figure 3 or the two local minima m > M the low-
est or global minimum is M. However, starting in the left-hand
bowl and reaching the local minimum m would give no indica-
tion of the existence of a lower global minimum M. To find the
lowest global minimum the search may require considering all
local bowls, as for the deepest valley (or highest peak) in a
mountain range. If the drag derivatives had the same sign for
all control surfaces, the corresponding hypersurface might be
convex; however Table 5 shows that this is not the case, since
the drag derivative for the ailerons has opposite sign to that
for all other control surfaces. The lift and pitching moment de-
rivatives have the same sign for all control surfaces; even if
the lift and pitching moment hypersurface are convex there
is no guarantee that their intersection is, let alone the triple
intersection with a non-convex drag hypersurface.

In addition to the (i) Accumulation of iteration errors and;
(i) Possible existence of several local minima, it may also hap-
pen; (iii) That some minima be outside the limited range of
variation of control deflections. In the latter case the “min-
imum” would be on the boundary of admissible deflections
and might not be even a local minimum. The optimization
method may be useful not just for the final optimal value. The
very first iteration of the optimization procedure gave a use-
fulindication of how some control surfaces should be deflect-
ed to minimize drag at constant pitching moment. However,
a good understanding of the flight physics of the particular
aircraft combination cannot be replaced by any method, even
an optimal one.
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